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Abstract
This is intended to be a broad introduction to Chern-Simons gravity
and supergravity. The motivation for these theories lies in the desire to
have a gauge invariant system –with a fiber bundle formulation– in more
than three dimensions, which could provide a firm ground for construct-
ing a quantum theory of the gravitational field. The starting point is a
gravitational action which generalizes the Einstein theory for dimensions
D > 4 –Lovelock gravity. It is then shown that in odd dimensions there is
a particular choice of the arbitrary parameters of the action that makes the
theory gauge invariant under the (anti-)de Sitter or the Poincare´ groups.
The resulting lagrangian is a Chern-Simons form for a connection of the
corresponding gauge groups and the vielbein and the spin connection are
parts of this connection field. These theories also admit a natural super-
symmetric extension for all odd D where the local supersymmetry algebra
closes off-shell and without a need for auxiliary fields. No analogous con-
struction is available in even dimensions. A cursory discussion of the
unexpected dynamical features of these theories and a number of open
problems are also presented.
These notes were prepared for the Fifth CBPF Graduate School, held
in Rio de Janeiro in July 2004, published in Portuguese [1]. These notes
were in turn based on a lecture series presented at the Villa de Leyva
Summer School 2001 [2], at the La Hechicera School 1999 in Me´rida
(Venezuela), and at the 20th Particles and Fields Meeting, Sao Lourenc¸o,
Brazil, Oct. 1999 [3]. This second edition contains a number of impor-
tant corrections of errors and obscure points in the previous versions. A
number of new references have been added to improve the text.
∗e-mail: z[at]cecs[dot]cl
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MEN WANTED
FOR HAZARDOUS JOURNEY.
LOW WAGES, BITTER COLD,
LONG MONTHS OF COMPLETE
DARKNESS. CONSTANT DANGER,
SAFE RETURN DOUBTFUL.
HONOUR AND RECOGNITION
IN CASE OF SUCCESS.
ERNEST SHACKLETON[4]
1 The Quantum Gravity Puzzle
The construction of the action principle for general relativity is reviewed from
a modern perspective. The analysis avoids as much as possible to discuss co-
ordinates and invariance under coordinate transformations. Instead, it uses the
assumption that the spacetime is a smooth manifold and hence it is endowed
with a tangent space which is isomorphic to the Minkowski spacetime. In this
description of the spacetime geometry, the metric and affine properties are rep-
resented by independent fields, an idea that goes back to the works of Cartan
and Palatini. This leads naturally to a formulation of gravity in terms of two
independent 1-form fields: the vielbein, ea, and the spin connection ωab. The
construction is valid for a theory of gravity in any number of dimensions and
makes the similarities and contrasts between gravity and a gauge theory explicit.
1.1 Renormalizability and the triumph of gauge theory
1.1.1 Quantum Field Theory
The Standard Model of high energy physics is a remarkably successful, enor-
mously precise and predictive theory for particle interactions. With this model,
three of the four forces of nature (electromagnetism, weak, and strong inter-
actions) are explained and accurately described. The dynamical structure of
the model is a Yang-Mills action, built on the assumption that nature should
be invariant under a group of transformations acting independently at each
point of spacetime: a local, or “gauge”, symmetry. This symmetry fixes almost
uniquely the types of couplings among all the fields that describe both the basic
constituents of matter, and the carriers of their interactions.
A most important feature of the standard model is the way in which it avoids
inconsistencies: renormalizability, absence of anomalies, etc. In fact, it is this
capability which makes it a believable tool and at the same time, it is the prime
criterion for its construction.
The remarkable thing is that renormalizability and lack of anomalies are
tremendously restrictive conditions, so that a very limited number of possible
actions pass the test, which is reassuring. The opposite would be embarrass-
ing: having a large a number of physically sensible theories would prompt the
question, how come we don’t see the others?
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Although not all gauge invariant theories are guaranteed to be renormal-
izable, the only renormalizable theories that describe our universe are gauge
theories. That this is so is an unexpected bonus of the gauge principle since
gauge invariance was not introduced to cure the renormalizability problem but
rather as a systematic way to bring about interactions that would respect a
given symmetry.
Thus, gauge invariance seems to be a crucial ingredient in the construction
of physically testable (renormalizable) theories. Symmetry principles, then, are
not only useful in constructing the right (classical) action functionals, but they
are often sufficient to ensure the viability of a quantum theory built from a
given classical action. An intuitive way to understand the usefulness of gauge
invariance in a quantum setting is that the gauge symmetry does not depend on
the field configurations. Now, if this symmetry relates the divergences appearing
in the scattering amplitudes in such a way that they can be absorbed by a
redefinition of the parameters in the action at a certain order in the semiclassical
(loop) expansion, it should do the same at all orders, as the symmetry is not
spoiled by quantum corrections. In contrast with this, some symmetries are
only realized if the fields obey the classical equations of motion, something that
is often referred to as an on shell symmetry. In general, on shell symmetries are
not respected by quantum mechanics.
The underlying structure of the gauge principle is mathematically captured
through the concept of fiber bundle, which is a systematic way to implement
a group acting on a set of fields that carry a particular representation of the
group. For a discussion of the physical applications, see [5, 6].
1.1.2 Enter Gravity
The fourth interaction of nature, the gravitational attraction, has stubbornly
resisted quantization. Attempts to set up a semiclassical or perturbative expan-
sion of the theory have systematically failed and the progress in this direction
has remained rather formal, and after more than 70 years of efforts, no consistent
quantum theory of gravity in four dimensions is known1.
The straightforward perturbative approach to quantum gravity was explored
by many authors, starting with Feynman [8] and it was soon realized that the
perturbative expansion is nonrenormalizable (see, e.g., [9]). One way to see this
is that if one splits the gravitational lagrangian as a kinetic term plus inter-
action, the coupling constant for the interaction among gravitons is Newton’s
constant G, which has dimensions of mass−2. This means that the diagrams
with larger number of vertices require higher powers of momentum in the nu-
merators to compensate the dimensions, and this in turn means that one can
expect ultraviolet divergences of all powers to be present in the perturbative
expansion. The lesson one can learn from this frustrating exercise is that Gen-
eral Relativity in its most naive interpretation as an ordinary field theory for
the metric is, at best, an effective theory. For an interesting discussion of how
1In three spacetime dimensions, the analogous of Einstein gravity is quantizable, although
it does not possess local, propagating degrees of freedom [7].
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one can live with an effective theory of gravity, see the recent review by Burgess
[10].
The situation with quantum gravity is particularly irritating because we have
been led to think that the gravitational attraction is a fundamental interaction.
The dynamical equations of complex systems, like fluids and dispersive media,
are not amenable to a variational description, they are not truly fundamental
and therefore one should not expect to have a quantum theory for them. The
gravitational field on the other hand, is governed by the Einstein equations,
which in turn can be derived from an action principle. This is why we could
expect, in principle, to define a path integral for the gravitational field, even if
calculating with it could be a very nontrivial issue [11].
General Relativity seems to be the only consistent framework that describes
gravitational phenomena, compatible with the principle that physics should be
insensitive to the state of motion of the observer. This principle is formally
translated as invariance under general coordinate transformations, or general
covariance. This invariance is a local symmetry, analogous to the gauge in-
variance of the other three forces and one could be tempted to view it as a
gauge symmetry, with interesting consequences. Unfortunately, general relativ-
ity doesn’t qualify as a gauge theory, except for a remarkable accident in three
spacetime dimensions.
One of the differences between a coordinate transformation and a proper
gauge transformation is most manifest by the way in which they act on the
fields: coordinate transformations change the arguments as well as the field
components, whereas a gauge transformation leaves the arguments unchanged.
But this is not a very serious obstruction and one can find the right combination
of fields so that a change of frame does not change the coordinates. This can be
done adopting the tangent space representation and that is what we will do here.
A more serious problem is to prove that the action for gravity is invariant under
the group of local translations, which is the analog in the tangent space of a local
shift in spacetime coordinates. It turns out that, under such transformations,
the gravitational action changes by a term which vanishes if the field equations
hold and not otherwise. This means that this is at best an on-shell symmetry.
In these lectures we attempt to shed some light on this issue, and will show
how the three dimensional accident can be generalized to higher dimensions.
1.2 Minimal Couplings and Connections
Gauge symmetry fixes the form in which matter couples to gauge fields. In
electrodynamics, for example, the ordinary derivative in the kinetic term for
the matter fields, ∂µ, is replaced by the covariant derivative,
∇µ = ∂µ − iAµ, (1)
which is the quantum version of the minimal substitution of classical electro-
dynamics, pµ → pµ − eAµ. It is remarkable that this little trick works equally
well for either relativistic or non relativistic, classical and quantum theories,
accounting for all electromagnetic interactions of matter.
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Thus, the gauge coupling provides a unique way to describe interactions
with charged fields. At the same time, it doesn’t require the introduction of di-
mensionful constants in the action, which is a welcome feature in perturbation
theory since the expansion is likely to be well behaved. Also, gauge symmetry
severely restricts the type of counterterms that can be added to the action, as
there are very few gauge invariant expressions in a given number of spacetime
dimensions. Thus, if the lagrangian contains all possible terms allowed by the
symmetry, perturbative corrections could only lead to rescalings of the coeffi-
cients in front of each term in the lagrangian. These rescalings, in turn can
always be absorbed in a redefinition of the parameters of the action, which is
why the renormalization procedure works in gauge theories and is the key to
their internal consistency.
The “vector potential” Aµ is a connection 1-form, which means that, under
a gauge transformation,
A(x)→ A(x)′ = U(x)A(x)U(x)−1 +U(x)dU−1(x), (2)
where U(x) represents a position-dependent group element. The value of A
depends on the choice of gauge U(x) and it can even be made to vanish at
a given point by an appropriate choice of U(x). The combination ∇µ is the
covariant derivative, a differential operator that, unlike the ordinary derivative
and A itself, transforms homogeneously under the action of the gauge group,
∇µ → ∇′µ = U(x)∇µU(x)−1. (3)
The connection is in general a matrix-valued object. For instance, in the
case of nonabelian gauge theories, ∇µ is an operator 1-form,
∇ = d+A (4)
= dxµ(∂µ +Aµ).
Acting on a function φ(x), which is in a vector representation of the gauge group
(φ(x)→ φ′(x) = U(x) · φ(x)), the covariant derivative reads
∇φ = dφ+A ∧ φ. (5)
The covariant derivative operator ∇ has a remarkable property: its square is
not a differential operator but a multiplicative one, as can be seen from (5)
∇∇φ = d(Aφ) +Adφ +A ∧Aφ (6)
= (dA +A ∧A)φ
= Fφ
The combination F = dA + A ∧ A is the field strength of the nonabelian
interaction. This generalizes the electric and magnetic fields of electromagnetism
and it indicates the presence of energy.
One can see now why the gauge principle is such a powerful idea in physics:
the covariant derivative of a field, ∇φ, defines the coupling between φ and the
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gauge potential A in a unique way. Furthermore, A has a uniquely defined field
strength F, which in turn defines the dynamical properties of the gauge field.
In 1954, Robert Mills and Chen-Nin Yang grasped the beauty and the power of
this idea and constructed what has been since known as the nonabelian Yang-
Mills theory [12]. On a curved manifold, there is another operator analogous to
∇, also called the covariant derivative in differential geometry,
D = d+ Γ (7)
= dxµ(∂µ + Γµ),
where the components of the connection Γ are functions of the metric and its
derivatives, known as the Christoffel connection or Christoffel symbol. The
transformations properties of Γ under diffeomorphisms are such that the differ-
ential operator D transforms homogeneously (it is covariant) under the diffeo-
morphism group. To that extent Γ acts as a connection, however this is not
enough to turn gravity into a gauge theory. The problem is that this group acts
on the coordinates of the manifold as xµ → x′µ(x) = xµ+ξµ(x), which is a shift
in the arguments of the fields (tensors) on which it acts. On the other hand,
a gauge transformation in the sense of fiber bundles, acts on the functions and
not on their arguments, i.e., it generates a motion along the fiber at a fixed
point on the base manifold. For this reason, Γ is not a connection in the sense
of fiber bundles.
1.3 Gauge Symmetry and General Coordinate Transfor-
mations
The difference between gravity and a standard gauge theory for a Yang-Mills
system is aggravated by the fact that the action for gravity in four dimensions
cannot be written as that of a gauge invariant system for the diffeomorphism
group. In YM theories the connection Aµ is an element of a Lie algebra L, but
the algebraic properties of L (structure constants and similar invariants, etc.)
are independent of the dynamical fields or their equations. In electroweak and
strong interactions, the connection A is dynamical, while both the base manifold
and the symmetry groups are fixed, regardless of the values of A or the position
in spacetime. This implies that the structure constants are neither functions of
the field A, or the position x. If Ga(x) are the gauge generators in a YM theory,
they obey an algebra of the form
[Ga(x), Gb(y)] = Cabc δ(x, y)G
c(x), (8)
where Cabc are the structure constants.
In contrast with this, the algebra of diffeomorphisms takes the form
[H⊥(x),H⊥(y)] = gij(x)δ(x, y),iHj(y)− gij(y)δ(y, x),iHj(x)
[Hi(x),Hj(y)] = δ(x, y),iHj(y)− δ(x, y),j Hi(y)
[H⊥(x),Hi(y)] = δ(x, y),iH⊥(y)
, (9)
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where the H⊥(x), Hi(x) are the generators of time and space translations,
respectively, also known as the hamiltonian constraints of gravity, and δ(y, x),i=
∂δ(y,x)
∂xi [13]. Clearly, these generators do not form a Lie algebra but an open
algebra, which has structure functions instead of structure constants [14]. Here
one now finds functions of the dynamical fields, gij(x) playing the role of the
structure constants Cabc , which identify the symmetry group in a gauge theory.
In this case, the structure “constants” may change from one point to another,
which means that the symmetry group is not uniformly defined throughout
spacetime. This invalidates an interpretation of gravity in terms of fiber bundles,
in which the base is spacetime and the symmetry group is the fiber.
1.3.1 Invariance under general coordinate transformations: an over-
rated trivial symmetry
The use of coordinates introduced by Descartes was a great step in mathematics
since it allowed to translate geometrical notions into analysis and algebra. The
whole Euclidean geometry was reduced to analytic equations. The price was
dear, though. Ever since, mathematicians and especially physicists had to live
with labels for spacetime points, so much so that space itself was viewed as
a number field (R3). When the geometry of curved surfaces was developed
by Gauss, Lobachevsky and Riemann, the use of coordinates became more a
nuisance than an advantage as they obscured the intrinsic content of geometric
relations.
Tensor calculus was developed as an aid to weed out the meaningful aspects
of the geometry from those resulting from the use of particular coordinates:
genuine geometrical properties should be insensitive to the changes of coordinate
labels. The mere existence of this covariant language goes to show that all
reference to coordinates can be consistently hidden from the analysis, in the
same way that one can avoid employing units in the derivation of physical
laws. Such a langauge exists and it is called exterior calculus. While it may
be necessary at some point to refer to a particular coordinate system –as one
may also need to refer to MKS units sometimes–, most of the discussion can
be made in a coordinate-free manner. An additional advantage of using exterior
calculus is that since there are no coordinates, there are no coordinate indices in
the expressions. This not only makes life easier for TeX fans, but also simplifies
formulas and makes their content more transparent.
So, what is the role of diffeomorphism invariance in this language? None. It
is built in, in the same way as the invariance under changes of units is implicit
in all physical laws. There is no mathematical content in the former as there is
no physical content in the latter. In fact, all of physics and mathematics should
be invariant under diffeomorphisms, to the extent that coordinates are human
constructs. Lagrange was a mong the first who realized this and declared that a
lagrangian for a mechanical system can be written in any coordinates one may
choose and the resulting orbits would not depend on that choice.
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2 Gravity as Geometry
Let us now briefly review the standard formulation of General Relativity. On
November 25 1915, Albert Einstein presented to the Prussian Academy of Natu-
ral Sciences the equations for the gravitational field in the form we now know as
Einstein equations [15]. Curiously, five days before, David Hilbert had proposed
the correct action principle for gravity, based on a communication in which Ein-
stein had outlined the general idea of what should be the form of the equations
[16]. As we shall see, this is not so surprising in retrospect, because there is
a unique action which is compatible with the postulates of general relativity
in four dimensions that admits flat space as a solution. If one allows constant
curvature geometries, there is essentially a one-parameter family of actions that
can be constructed: the Einstein-Hilbert form plus a cosmological term,
I[g] =
∫ √−g(α1R+ α2)d4x, (10)
where R is the scalar curvature, which is a function of the metric gµν , its in-
verse gµν , and its derivatives (for the definitions and conventions used here, see
Ref.[17]). The action I[g] is the only functional of the metric which is invariant
under general coordinate transformations and gives second order field equations
in four dimensions. The coefficients α1 and α2 are related to the gravitational
constant and the cosmological constant through
G =
1
16πα1
, Λ = − α2
2α1
. (11)
The Einstein equations are obtained by extremizing this action, (10)
Rµν −
1
2
δµν (R− 2Λ) = 0, (12)
and and they are unique in that:
(i) they are tensorial equations
(ii) they involve only up to second derivatives of the metric
(iii) they reproduce Newtonian gravity in the nonrelativistic weak field approx-
imation.
The first condition implies that the equations have the same meaning in all
coordinate systems. This follows from the need to have a coordinate independent
(covariant) formulation of gravity in which the gravitational force is replaced by
the nonflat geometry of spacetime. The gravitational field being a geometrical
entity implies that it cannot depend on the coordinate choice or, in physical
terms, a preferred choice of observers.
The second condition means that Cauchy data are necessary (and sufficient
in most cases) to integrate the equations. This condition is a concession to the
classical physics tradition: the possibility of determining the gravitational field
at any moment from the knowledge of the configuration of space, gij(x), and its
time derivative g˙ij(x), at a given time. This requirement is also the hallmark
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of Hamiltonian dynamics, which is the starting point for canonical quantum
mechanics and therefore suggests that a quantum version of the theory could
exist.
The third requirement is the correspondence principle, which accounts for
our daily experience that an apple and the moon fall the way they do.
If one further assumes that Minkowski space be among the solutions of the
matter-free theory, then one must set Λ = 0, as most sensible particle physicists
would do. If, on the other hand, one believes in static homogeneous and isotropic
cosmologies, as Einstein did, then Λ must have a finely tuned nonzero value.
Experimentally, Λ has a value of the order of 10−120 in “natural” units (h¯ = c =
G = 1) [18]. Furthermore, astrophysical measurements seem to indicate that Λ
must be positive [19]. This presents a problem because there seems to be no
theoretical way to predict this “unnaturally small” nonzero value.
As we will see in what follows, for other dimensions the Einstein-Hilbert
action is not the only possibility in order to satisfy conditions (i-iii).
2.1 Metric and Affine Structures
We would like to discuss now what we mean by spacetime geometry. Geometry
is sometimes understood as the set of assertions that can be made about points,
lines and higher dimensional submanifolds embedded on a given manifold. This
broad (and vague) idea, is often viewed as encoded in the metric tensor, gµν(x),
which provides the notion of distance between nearby points with coordinates
xµ and xµ + dxµ,
ds2 = gµν dx
µdxν . (13)
This is the case in Riemannian geometry, where all relevant objects defined
on the manifold (distance, area, angles, parallel transport operations, curva-
ture, etc.) can be constructed from the metric. However, a distinction should
be made between metric and affine features of spaceime. Metricity refers to
measurements of lengths, angles, areas, volumes, of objects which are locally
defined in spacetime. Affinity refers to properties which remain invariant un-
der translations –or more generally, affine transformations–, such as parallelism.
This distinction is useful because the two notions are logically independent and
reducing one to the other is an unnecessary form of violence.
Euclidean geometry was constructed using two elementary instruments: the
compass and the unmarked straightedge. The first is a metric instrument be-
cause it allows comparing lengths and, in particular, drawing circles. The second
is used to draw straight lines which, as will be seen below, is a basic affine op-
eration.
Pythagoras’ famous theorem is a metric statement; it relates the lengths of
the sides of a triangle with two sides forming a particular angle. Affine properties
on the other hand, do not change if the scale is changed, as for example the
shape of a triangle or the angle between two straight lines, or the length of a
segment. A typical affine statement is, for instance, the fact that when two
parallel lines intersect a third, the corresponding angles are equal.
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Of course parallelism can be reduced to metricity. As we all learned in school,
one can draw a parallel to a line using a compass and an unmarked straightedge:
One draws two circles of equal radii with centers at two points of one line and
then draws the tangent to the two circles with the ruler. Thus, given a way to
measure distances and straight lines in space, one can define parallel transport.
As any child knows from the experience of stretching a string or a piece of
rubber band, a straight line is the shape that minimizes the distance between
two points. This is clearly a metric feature because it requiresmeasuring lengths.
Orthogonality is also a metric notion that can be defined using the scalar product
obtained from the metric. A right angle is a metric feature because in order
to build one, one should be able to measure angles, or measure the sides of
triangles2. We will now argue that parallelism does not require metricity.
There is something excessive about using a compass for the construction of
a parallel to a straight line through a given point. In fact, a rigid wedge of any
fixed angle would suffice: align one of the sides of the wedge with the straight
line and rest the straightedge on other side; then slide the wedge along the
straightedge to reach the desired point. The only requirement is for the wedge
not to change in the process. Thus, the essence of parallel transport is a wedge
and a straightedge to connect two points. The only requirement being that the
wedge rigid, that is, that the angle between its sides should be preserved, but
no measurements of lengths or angles are needed.
There is still some cheating in this argument because we took the construc-
tion of a straightedge for granted. How do we construct a straight line if we
had no notion of distance? After all, as we discussed above, a straight line is
often defined as the shortest path between two points. Fortunately, there is a
purely affine way to construct a straight line: Take two short enough segments
(two short sticks, matches or pencils would do), and slide them one along the
other, as a cross country skier would do. In this way a straight line is gener-
ated by parallel transport of a vector along itself, and we have not used distance
anywhere. It is essentially this affine definition of a straight line that can be
found in Book I of Euclid’s Elements. This definition could be regarded as the
straightest line, which need not coincide with the line of shortest distance. In
fact, if the two sticks one uses are two identical arcs, one could construct fami-
lies of “straight” lines by parallel transport of a segment along itself, but they
would not correspond to shortest lines. They are conceptually (i.e., logically)
independent objects. The fact that this purely affine construction is logically
acceptable means that parallel transport is not necessarily a metric concept.
In a space devoid of a metric structure the “straightest” line could be a
rather weird looking curve, but it could still be used to define parallelism. If a
ruler has been constructed by transporting a vector along itself, then one can use
2The Egyptians knew how to use Pythagoras’ theorem to make a right angle, although
they didn’t know how to prove the theorem (and probably never worried about it). Their
recipe was probably known long before, and all good construction workers today still know
it: make a loop of rope with 12 segments of equal length. Then, the triangle formed with
the loop so that its sides are 3, 4 and 5 segments long is such that the shorter segments are
perpendicular to each other [20].
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it to define parallel transport, completely oblivious of the fact that the straight
lines are not necessarily the shortest. There would be nothing wrong with such
construction except that it will probably not coincide with the standard metric
construction.
2.1.1 Parallelism in an open neighborhood and curvature
A general feature of any local definition of parallelism is that it cannot be
consistently defined on an open set of an arbitrarily curved manifold. The
problem is that in general, parallelism is not a transitive relation if the parallel
transport is performed along different curves. Take, for example, an ordinary
2-dimensional sphere. The construction of a straight line by parallel transport
of a small segment along itself yields a great circle defined by the intersection
of the sphere with a plane that passes through the center of the sphere. If we
take three of segments of these great circles and form a triangle, it is possible
to transport a vector around the triangle in such a way that the angle between
the vector and the arc is kept constant. This notion of parallel transport is the
one outlined above, and it is easy to see that the vector obtained by parallel
transport around the triangle on a curved surface does not coincide with the
original vector. This lack of transitivity on an open neighborhood makes the
notion of parallelism fail as an equivalence relation in a curved space.
Here the problem arises when parallel transport is performed along differ-
ent curves, so one could expect to see no conflict for parallelism along a single
“straight line”. However, this is also false as can be checked by parallel trans-
porting a vector along a straight line that encloses the apex of a cone. Now
the problem stems from trying to define parallel transport on a region that en-
closes a singularity of infinite curvature. Note that this effect of curvature only
requires a definition of parallel along a segment, which is, again, a purely affine
notion. This ia a completely general feature: the curvature of a manifold is
completely determined by the notion of parallel transport, independently of the
metric.
2.2 Metric connection
In differential geometry, parallelism is encoded in the affine connection Γαβγ(x):
a vector u|| at the point of coordinates x is said to be parallel to the vector u
at a point with coordinates x+ dx, if their components are related by “parallel
transport”,
uα||(x) = u
α(x+ dx) + dxµΓαµβu
β(x) (14)
= uα(x) + dxµ[∂µu
α + Γαµβu
β(x)].
AS we have mentioned, the affine connection Γαµβ(x) need not be functionally
related to the metric tensor gµν(x). However, Einstein formulated General Rel-
ativity adopting the point of view that the spacetime metric should be the only
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dynamically independent field, while the affine connection should be a function
of the metric given by the Christoffel symbol,
Γαµβ =
1
2
gαλ(∂µgλβ + ∂βgλµ − ∂λgµβ). (15)
This was the starting point of a controversy between Einstein and Cartan,
which is vividly recorded in the correspondence they exchanged between May
1929 and May 1932 [21]. In his letters, Cartan politely but forcefully insisted
that metricity and parallelism could be considered as independent, while Ein-
stein pragmatically replied that since the space we live in seems to have a metric,
it would be more economical to assume the affine connection to be a function
of the metric. Cartan advocated economy of assumptions. Einstein argued in
favor of economy of independent fields.
Here we adopt Cartan’s point of view. It is less economical in dynamical
variables but is more economical in assumptions and therefore more general.
This alone would not be sufficient ground to adopt Cartan’s philosophy, but it
turns out to be more transparent in many ways, and lends itself better to discuss
the differences and similarities between gauge theories and gravity. Moreover,
Cartan’s point of view emphasizes the distinction between the spacetime mani-
fold M as the base of a fiber bundle, and the tangent space at every point Tx,
where Lorentz vectors, tensors and spinors live.
In physics, the metric and the connection play different roles as well. The
metric enters in the definition of the kinetic energy of particles and of the stress-
energy tensor density in a field theory, T µν . The spin connection instead, ap-
pears in the coupling of fermionic fields with the geometry of spacetime. All
forms of matter are made out of fermions (leptons and quarks), so if we hope
someday to attain a unified description of all interactions including gravity and
matter, it is advisable to grant the affine structure of spacetime an important
role, on equal footing with the metric structure.
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3 First Order Formulation for Gravity
3.1 The equivalence Principle
As early as 1907, Einstein observed that the effect of gravity can be neutralized
by free fall. In a freely falling laboratory, the effect of gravity can be eliminated.
This trick is a local one: the lab has to be small enough and the time span of
the experiments must be short enough. Under these conditions, the experiments
will be indistinguishable from those performed in absence of gravity, and the
laws of physics that will be reflected by the experiments will be those valid in
Minkowski space, i. e., Lorentz invariance. This means that, in a local neigh-
borhood, spacetime possesses Lorentz invariance. In order to make manifest this
invariance, it is necessary to perform an appropriate coordinate transformation
to a particular reference system, viz., a freely falling one.
Conversely, Einstein argued that in the absence of gravity, the gravitational
field could be mocked by applying an acceleration the laboratory. This idea is
known as the principle of equivalence, meaning that gravitation and acceleration
are equivalent effects in a small spacetime region.
A freely falling observer defines a locally inertial system. For a small enough
region around him or her the trajectories of projectiles (freely falling as well)
are straight lines and the discrepancies with Euclidean geometry are negligible.
Particle collisions mediated by short range forces, such as those between billiard
balls, molecules or subnuclear particles, satisfy the conservation laws of energy
and momentum that are valid in special relativity.
How large is the neighborhood where this approximation is good enough?
Well, it depends on the accuracy one is expecting to achieve, and that depends
on how curved spacetime really is in that neighborhood. In the region between
the earth and the moon, for instance, the deviation from flat geometry is about
one part in 109. Whether this is good enough or not, it depends on the experi-
mental accuracy of the tests involved (see [22]).
Thus, we view spacetime as a smooth D-dimensional manifold M . At every
point x ∈ M there exists a D-dimensional flat tangent space Tx of lorentzian
signature (−,+, ...,+). This tangent space Tx is a good approximation of the
manifold M on an open set in the neighborhood of x. This means that there
is a way to represent tensors on M by tensors on Tx, and vice versa. The
precise relation between the tensor spaces on M and on Tx is an isomorphism
represented by means of a linear map e.
3.2 The Vielbein
The isomorphism betweenM and the collection {Tx} can be realized as a trans-
formation between some orthonormal coordinates in the Minkowski space Tx
and the a system of local coordinates on an open neighborhood of x, the Jaco-
bian matrix
∂za
∂xµ
= eaµ(x). (16)
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It is sufficient to define its action on a complete set of vectors such as the
coordinate separation dxµ between two infinitesimally close points on M . The
corresponding separation dza in Tx is
dza = eaµ(x)dx
µ. (17)
The family {eaµ(x), a = 1, ..., D = dimM} defines a local orthonormal frame
on M , also called “soldering form”, “moving frame”, or simply, vielbein. The
definition (16) implies that eaµ(x) transforms as a covariant vector under diffeo-
morphisms on M and as a contravariant vector under local Lorentz rotations of
Tx, SO(D− 1, 1) (the signature of the manifold M to be Lorentzian). This one-
to-one correspondence between vectors can be extended to tensors onM and on
Tx: if Π is a tensor with components Π
µ1...µn(x) on M , then the corresponding
tensor on the tangent space Tx is
3
P a1...an(x) = ea1µ1(x) · · · eanµn(x)Πµ1...µn(x). (18)
The Lorentzian metric defined in Minkowski space can be used to induce
a metric on M through the isomorphism eaµ. The arc length in Tx, ds
2 =
ηabdz
adzb, can also be expressed as ηabe
a
µ(x)e
b
ν(x)dx
µdxν , where the metric in
M is identified,
gµν(x) = e
a
µ(x)e
b
ν(x)ηab. (19)
This relation is an example of the map between tensors on Tx and onM that can
be read as to mean that the vielbein is the “square root” of the metric. Since
eaµ(x) determines the metric, all the metric properties of spacetime are contained
in the vielbein. The converse, however, is not true: given a metric gµν(x), there
exist infinitely many choices of vielbein that reproduce the same metric. This
infinitely many choices of vielbein correspond to the different choice of local
orthonormal frames that can be used as bases for the tangent space vectors at
Tx. It is possible to rotate the vielbein by a Lorentz transformation and this
should be undetectable from the point of view of the manifold M . Under a
Lorentz transformation, the vielbein are transformed as
eaµ(x) −→ e′aµ (x) = Λab(x)ebµ(x), (20)
where the matrix Λ(x) ∈ SO(D − 1, 1). By definition of SO(D − 1, 1), Λ(x)
leaves the metric in the tangent space unchanged,
Λac(x)Λ
b
d(x)ηab = ηcd. (21)
The metric gµν(x) is clearly unchanged by this transformation. This means,
in particular, that there are many more components in eaµ than in gµν . In
fact, the vielbein has D2 independent components, whereas the metric has only
D(D+ 1)/2. The mismatch is exactly D(D − 1)/2, the number of independent
rotations in D dimensions.
3The inverse vielbein, eµa(x), where e
ν
a(x)e
b
ν(x) = δ
b
a, and e
ν
a(x)e
a
µ(x) = δ
ν
µ, relates lower
index tensors, Pa1...an(x) = e
µ1
a1 (x) · · · e
µn
an (x)Πµ1...µn (x).
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Another way to read (19) is that in this framework the metric is not a funda-
mental field, but it emerges as a composite object, more or less as a correlator of
the vielbein at two points x and x′ in the limit x→ x′. In this sense, the metric
in this representation in analogous to the coincidence limit of the correlator of
the vielbein field which, in a quantum version of the theory would look like,
gµν(x) = lim
x′→x
< eaµ(x)e
b
ν(x
′) > ηab. (22)
3.3 The Lorentz connection
The collection of tangent spaces at each point of the manifold defines the action
of the symmetry group of the tangent space (the Lorentz group) at each point
ofM , thereby endowing the manifold with a fiber bundle structure, the tangent
bundle. In order to define a derivative operator on the manifold, a connection
field is required so that the differential structure remains invariant under local
Lorentz transformations that act independently at each spacetime point. This
field is the Lorentz connection, also called “spin connection” in the physics
literature, but Lorentz connection could be a more appropriate name. The
word “spin” is due to the fact that ωabµ arises naturally in the discussion of
spinors, which carry a special representation of the group of rotations in the
tangent space, but that is irrelevant at the moment4.
The SO(D − 1, 1) group acts independently on Lorentz tensors at each Tx.
This why the matrices Λ are functions of x. In order to define a derivative of
a tensor φ in Tx, one would like to have a definition of Dφ to be a tensor of
the same rank and nature as φ. This is what happens in all gauge theories: one
needs to introduce a connection in order to compensate for the fact that for the
gauge group acts independently at neighboring points. In this case, the gauge
field is the Lorentz connection, ωabµ(x). Suppose φ
a(x) is a field that transforms
as a vector under the Lorentz group, SO(D − 1, 1), its covariant derivative,
Dµφ
a(x) = ∂µφ
a(x) + ωabµ(x)φ
b(x), (23)
is defined so that it also transforms like a Lorentz vector at x. This requires
that under a SO(D − 1, 1) rotation, Λac(x), the connection transforms as [see
(2)]
ωabµ(x)→ ω′abµ(x) = Λac(x)Λ db (x)ωcdµ(x) + Λac(x)∂µΛ cb (x), (24)
where Λ db = ηabη
cdΛac is the inverse (transpose) of Λ
b
d.
The connection ωabµ(x) defines the parallel transport of Lorentz tensors in
the tangent space, between nearby points Tx and Tx+dx. The parallel transport
of the vector field φa(x) from x+ dx to x, is a vector φa||(x), defined as
φa||(x) ≡ φa(x+ dx) + dxµωabµ(x)φb(x) (25)
= φa(x) + dxµ[∂µφ
a(x) + ωabµ(x)φ
b(x)]
=: φa(x) + dxµDµφ
a(x).
4Here, only the essential ingredients are given. For a more extended discussion, there are
several texts such as those of Refs.[5], [6], [23], [24] and [25].
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Thus, the covariant derivative Dµ measures the change in a tensor produced by
parallel transport between neighboring points,
dxµDµφ
a(x) = φa||(x)− φa(x) (26)
= dxµ[∂µφ
a + ωabµ(x)φ
b(x)].
In this way, the affine properties of space are encoded in the components ωabµ(x),
which are, until further notice, totally arbitrary and independent from the met-
ric. Note the similarity between the notion of parallelism in (26) and that for
vectors whose components are referred to a coordinate basis (15). These two
definitions are independent as they refer to objects on different spaces, but they
could be related using the local isomorphism between the base manifold and the
tangent space, provided by eaµ.
3.4 Invariant tensors
The group SO(D − 1, 1) has two invariant tensors, the Minkowski metric, ηab,
and the totally antisymmetric Levi-Civitta tensor, ǫa1a2···aD . These tensors
are defined by the algebraic structure of the Lorentz group and therefore they
are the same in every tangent space and, consequently, they must be constant
throughout the manifold M : dηab = 0 = dǫa1a2···aD . Moreover, since they are
invariant, they must also be covariantly constant,
dηab = Dηab = 0, (27)
dǫa1a2···sD = Dǫa1a2···aD = 0. (28)
This implies that the Lorentz connection satisfies two identities,
ηacω
c
b = −ηbcωca, (29)
ǫb1a2···aDω
b1
a1 + ǫa1b2···aDω
b2
a2+ · · · +ǫa1a2···bDωbDaD = 0. (30)
The requirement that the Lorentz connection be compatible with the metric
structure of the tangent space (29) restricts ωab to be antisymmetric. The
second relation, (30), does not impose further restrictions on the components of
the Lorentz connection. Then, the number of independent components of ωabµ
is D2(D − 1)/2, which is less than the number of independent components of
the Christoffel symbol (D2(D + 1)/2). This can be understood as due to the
fact that the Christoffel symbols are determined by both the vielbein and the
Lorentz connection, Γλµν = Γ
λ
µν(e, ω).
3.5 Building structures
It can be observed that both the vielbein and the spin connection arise through
the combinations
ea(x) ≡ eaµ(x)dxµ, (31)
ωab(x) ≡ ωabµ(x)dxµ, (32)
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that is, they are local 1-forms. This is no accident. It turns out that all the ge-
ometric properties ofM can be expressed with these two 1-forms, their exterior
products and their exterior derivatives only. Since both ea and ωab carry no coor-
dinate indices (µ, ν, etc.), they are scalars under coordinate diffeomorphisms of
M . Like all exterior forms, they are invariant under general coordinate transfor-
mations. This is why a description of the geometry that only uses these forms,
their exterior products and exterior derivatives is naturally coordinate-free.
3.5.1 Curvature
The 1-form exterior derivative operator, dxµ∂µ∧ is such that acting on a p-form,
αp, it yields a (p+1)-form, dαp. One of the fundamental properties of exterior
calculus is that the second exterior derivative of a differential form vanishes
identically,
d(dαp) =: d
2αp = 0. (33)
This is trivially so because, when acting on continuously differentiable forms,
the partial derivatives commute ∂µ∂να = ∂ν∂µα, while dx
µ∧dxν = −dxν ∧dxµ.
A consequence of this is that the square of the covariant derivative operator is
not a differential operator, but an algebraic operator known as the curvature
two-form. For instance, the second covariant derivative of a vector yields
D2φa = D[dφa + ωabφ
b] (34)
= d[dφa + ωabφ
b] + ωab[dφ
b + ωbcφ
c]
= [dωab + ω
a
c ∧ ωcb]φb.
The two-form within brackets in this last expression is a second rank Lorentz
tensor (the curvature two-form)
Rab = dω
a
b + ω
a
c ∧ ωcb. (35)
=
1
2
Rabµνdx
µ ∧ dxν
For a formal definition of this operator see, e.g., [24, 6]. The curvature two
form defined by (35) is a Lorentz tensor on the tangent space, and is related to
the Riemann tensor, Rαβµν , through
Rab =
1
2
eaαe
β
bR
α
βµνdx
µ ∧ dxν . (36)
The fact that ωab(x) and the gauge potential in Yang-Mills theory, A
a
b =
Aabµdx
µ, are both 1-forms and have similar properties is not an accident since
they are both connections of a gauge group5. Their transformation laws have the
same form, and the curvature Rab is completely analogous to the field strength
in Yang-Mills,
F = dA+A ∧A. (37)
5In the precise language of mathematicians, ω is “a locally defined Lie-algebra valued 1-
form on M , which is also a connection in the principal SO(D − 1, 1)-bundle over M”, while
A is “a Lie-algebra valued 1-form on M , which is also a connection in the vector bundle of
some gauge group G”.
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3.5.2 Torsion
The fact that the two independent geometrical ingredients, ω and e, play differ-
ent roles is underscored by their different transformation rules under the Lorentz
group: the vielbein transforms as a vector and not as a connection. In gauge
theories this is reflected by the fact that vector fields play the role of matter,
while the connection irepresents the carrier of interactions.
Another important consequence of this asymmetry is the impossibility to
construct a tensor two-form solely out of ea end its exterior derivatives, incon-
trast with the curvature which is uniquely defined by the connection. The only
tensor obtained by differentiation of ea is its covariant derivative, also known
the Torsion 2-form,
T a = dea + ωab ∧ eb, (38)
which involves both the vielbein and the connection. In contrast with T a, the
curvature Rab is not a covariant derivative of anything and depends only on ω.
3.5.3 Bianch identity
As we saw in 3.5.1, taking the second covariant derivative of a vector amounts
to multiplying by the curvature 2-form. As a consequence of a this relation
between covariant differentiation and curvature, there exists an important prop-
erty known as Bianchi identity,
DRab = dR
a
b + ω
a
c ∧Rcb + ωcb ∧Rac ≡ 0 . (39)
This is an identity and not a set of equations because it is satisfied for any well
defined connection 1-form whatsoever, and it does not restrict in any way the
form of the field ωabµ, which can be checked explicitly by substituting (35) in the
second term of (39). If conditions DRab = 0 were a set of equations instead, they
would define a subset of connections that have a particular form, corresponding
to some class of geometries.
As a consequence of this identity, taking successive covariant derivatives does
not produce new independent tensors.
3.5.4 Building blocks
The basic building blocks of first order gravity are ea, ωab, R
a
b, T
a. With them
one must put together an action principle. But, are there other building blocks?
The answer is no and the proof is by exhaustion. As a cowboy would put it,
”if there were any more of them ’round here, we would have heard...” And we
haven’t. However, there is a more subtle argument to rule out the existence of
other building blocks. We are interested in objects that transform in a controlled
way under Lorentz rotations (vectors, tensors, spinors, etc.). The existence of
certain identities implies the taking the covariant derivatives of ea, Rab, and T
a,
one finds always combinations of the same objects, or zero:
Dea = dea + ωab ∧ eb = T a (40)
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DRab = dR
a
b + ω
a
c ∧Rcb + ωcb ∧Rac = 0 (41)
DT a = dT a + ωab ∧ T b = Rab ∧ eb. (42)
The first relation is just the definition of torsion and we leave it to the reader to
prove these identities, which are direct consequences of the fact that the exterior
derivative is nilpotent, d2 = ∂µ∂νdx
µ ∧ dxν = 0.
In the next sections we discuss the construction of the possible actions for
gravity using these ingredients. In particular, in 4 dimensions, the Einstein
action can be written as
I[g] =
∫
ǫabcd(αR
abeced + βeaebeced). (43)
This is basically the only action for gravity in dimension four, but many more
options exist in higher dimensions.
3.6 Gravity as a gauge theory
Symmetry principles help in constructing the right classical action and, more
importantly, they are often sufficient to ensure the viability of the quantum
theory obtained from a classical action. In particular, gauge symmetry is the
key to prove consistency (renormalizability) of the quantum field theories that
correctly describe three of the four basic interactions of nature. The gravita-
tional interaction has stubbornly escaped this rule in spite of the fact that, as
we saw, it is described by a theory based on general covariance, which is a local
invariance quite analogous to gauge symmetry. Here we try to shed some light
on this puzzle.
Roughly one year after C. N. Yang and R. Mills proposed their model for non-
abelian gauge invariant interactions [12], R. Utiyama showed that the Einstein
theory can also be written as a gauge theory for the Lorentz group [26]. This can
be checked directly from the lagrangian in (43), which is a Lorentz scalar and
hence, trivially invariant under (local) Lorentz transformations. This generated
the expectation to construe gravity as a gauge theory for the Poincare´ group,
G = ISO(3, 1), which is the standard symmetry group in particle physics, that
includes both Lorentz transformations and translations. The inclusion of trans-
lations seems natural in view of the fact that a general coordinate transformation
xµ → xµ + ξµ, (44)
looks like a local translation. This is undoubtedly a local symmetry in the sense
that it is a transformation that leaves the action invariant and whose parameters
are functions of the position in spcetime. This suggests that diffeomorphism
invariance could be identified with a symmetry under local translations that
could extend the Lorentz group into its Poincare´ embedding. Although this
looks plausible, writing down a local action invariant under local translations
has been impossible so far. The problem is how to implement this symmetry as
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a gauge transformation of the dynamical fields (e, ω or gµν). Under a coordinate
diffeomorphism (44), the metric changes by a Lie derivative,
δgµν(x) = gµν(x+ ξ(x))− gµν(x)
= − [∂µξαgαν + ∂νξαgαµ + ξα(∂αgµν + ∂µgαν + ∂νgαµ)] (45)
This is the transformation law for a second rank covariant tensor. The con-
nection for general coordinate diffeomorphisms is the Christoffel symbol, but
this is not a fundamental field in the second order formalism. In the first order
formalism, on the other hand, the fields are e and ω are differential forms, and
therefore are invariant under (44).
Attempts to identify the coordinate transformations with local translations,
however, have systematically failed. The problem is that there is no known
action for general relativity in four dimensions which is invariant under local
ISO(3, 1) transformations [27, 28, 29, 30]. In other words, although the fields
ωab and ea have the right tensor properties to match the generators of the
Poincare´ group, there is no Poincare´-invariant 4-form available constructed with
the connection for the Lie algebra of iso(3, 1). We see that although superficially
correct, the assertion that gravity is a gauge theory for the translation group is
crippled by the profound differences between a gauge theory with fiber bundle
structure and another with an open algebra, such as gravity.
The best way to convince ourselves of this obstruction is by assuming the
existence of a connection for the group of local translations, analogous to the
spin connection, which is the gauge field corresponding to the freedom to change
Lorentz frames in a local neighborhood. Since the new gauge field corresponds
to the invariance under translations in the tangent space, it should have an
index structure to match that of the generator of translations, Pa. Thus, the
connection for local translations must be a field with the same indeces as the
vielbein. Therefore, a gauge theory for the Poincare´ group should be based on
the connection
A = eaPa + ω
abJab . (46)
It is easy to convince oneself that there is no Poincare´-invariant 4-form that
can be constructed with this field, and therefore no Poincare´-invariant gravity
action can be constructed in four dimensions6.
A more sophisticated approach could be to replace the Poincare´ group by
another groupG which contains the Lorentz transformations as a subgroup. The
idea is as follows: Our conviction that the space we live in is four dimensional
and approximately flat stems from our experience that we can act with the
group of four-dimensional translations to connect any two points in spacetime.
But we know that this to be only approximately true. Like the surface of the
Earth, our spacetime could be curved but with a radius of curvature so large we
6Some attempts to improve this ansatz introduce an auxiliary nondynamical field, similar
to the Stueckelberg compensating field in gauge theory, that renders the vielbein translation-
invariant [31]. At the end of the day, however, the resulting gauge theory is one where the
translation symmetry is “spontaneously broken”, which points to the fact that this purported
symmetry was never there.
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wouldn’t notice the deviation from flatness except in very delicate observations.
So, instead of the symmetries of a four-dimensional flat spacetime, we might be
experiencing the symmetries of a four dimensional spacetime of nonzero constant
curvature, also known as a pseudosphere.
It is therefore natural to expect the local symmetries of spacetime to be com-
patible with a larger group which contains both SO(3, 1) and some symmetries
analogous to translations,
SO(3, 1) →֒ G. (47)
The smallest nontrivial choices for G –which are not a direct product of the
form SO(3, 1)×G0–, are:
G =


SO(4, 1) de Sitter (dS)
SO(3, 2) anti-de Sitter (AdS)
ISO(3, 1) Poincare´
(48)
Both de Sitter and anti-de Sitter groups are semisimple, while the Poincare´
group is not –it can be obtained as a contraction of either dS or AdS. This
technical detail could mean that SO(4, 1) and SO(3, 2) have better chances
than the Poincare´ group, to become physically relevant for gravity. Semisimple
groups are preferred as gauge groups because they have an invariant in the
group, known as the Killing metric, which can be used to define kinetic terms
for the gauge fields7.
In spite of this improved scenario, it is still impossible to express gravity
in four dimensions as a gauge theory for the dS or AdS groups. However, as
we shall see next, in odd dimensions (D = 2n − 1), and only in that case,
gravity can be cast as a gauge theory of the groups SO(D, 1), SO(D − 1, 2),
or ISO(D − 1, 1), in contrast with what one finds in dimension four, or in any
other even dimension.
7Non semisimple groups contain abelian invariant subgroups. The generators of the abelian
subgroups commute among themselves, and the fact that they are invariant subgroups implies
that too many structure constants in the Lie algebra vanish. This in turn makes the Killing
metric to acquire zero eigenvalues preventing its invertibility.
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4 Gravity in higher dimensions
We now turn to the construction of an action for gravity as a local functional
of the one-forms ea, ωab and their exterior derivatives. The fact that d
2 ≡ 0
implies that the lagrangian must involve at most first derivatives of these fields
through the two-forms Rab and T
a. We need not worry about invariance under
general coordinate transformations as exterior forms are coordinate scalars by
construction. On the other hand, the action principle cannot depend on the
choice of basis in the tangent space and hence Lorentz invariance should be
ensured. A sufficient condition to respect Lorentz invariance is to demand the
lagrangian to be a Lorentz scalar (although, as we will see, this is not strictly
necessary) and for this construction, the two invariant tensors of the Lorentz
group, ηab, and ǫa1····aD can be used to raise, lower and contract indices.
Finally, since the action must be an integral over the D-dimensional space-
time manifold, the problem is to construct a Lorentz invariant D-form with the
following ingredients:
ea, ωab, R
a
b, T
a, ηab, ǫa1····aD . (49)
Thus, we tentatively postulate the lagrangian for gravity to be a D-form
made of linear combinations of products of the above ingredients in a Lorentz
invariant way. We exclude from the ingredients functions such as the metric,
since the metric is not an exterior product and it is certainly not an elementary
object to deserve its inclusion in the action as an independent field. This rules
rules out the inclusion of the inverse metric and of the Hodge ⋆-dual. This rule
is additionally justified since it reproduces the known cases, and it explicitly
excludes inverse fields, like eµa(x), which would be like A
−1
µ in Yang-Mills theory
(see [32] and [33] for more on this). This postulate rules out the possibility of
including tensors like the Ricci tensor Rµν = e
λ
aηbce
c
µR
ab
λν , or RαβRµνR
αµβν ,
etc. This is sufficient and necessary to account for all sensible theories of gravity
in D dimensions.
4.1 Lovelock theorem
The natural extension of the Einstein0Hilbert action for D 6= 4 is provided by
the following
Theorem [Lovelock, 1970 [34]-Zumino, 1986 [32]]: The most general action
for gravity that does not involve torsion and gives at most second order field
equations for the metric 8, is of the form
ID = κ
∫
M
[D/2]∑
p=0
apL
(D,p), (50)
8These conditions can be translated to mean that the Lovelock theories possess the same
degrees of freedom as the Einstein Hilbert lagrangian in each dimension, that is, D(D − 3)/2
(see, e.g., [35])
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where the aps are arbitrary constants, and L
(D,p) is given by
L(D, p) = ǫa1···adR
a1a2 ···Ra2p−1a2pea2p+1 ···eaD . (51)
Here and in what follows we omit the wedge symbol in the exterior products.
For D = 2 this action reduces to a linear combination of the 2-dimensional
Euler character, χ2, and the spacetime volume (area),
I2 = κ
∫
M
ǫab[a1R
ab + a0e
aeb]
= κ
∫
M
√
|g| (a1R+ 2a0) d2x (52)
= κa1 · χ2 + 2κa0 · V2.
This action has as a local extremum for V2 = 0, which reflects the fact that,
unless other matter sources are included, I2 does not make a very interesting
dynamical theory for the geometry. If the manifold M has Euclidean met-
ric and a prescribed boundary, the first term picks up a boundary term and
the action is extremized by a surface in the shape of a soap bubble. This is
the famous Plateau problem, which consists of establishing the shape of the
surface of minimal area bounded by a certain fixed closed curve (see, e., g.,
http://www-gap.dcs.st-and.ac.uk/history/Mathematicians/Plateau.html).
For D = 3, (50) reduces to the Hilbert action with a volume term, whose
coefficient is the cosmological constant. For D = 4 the action has, in addition,
the four dimensional Euler invariant χ4,
I4 = κ
∫
M
ǫabcd
[
a2R
abRcd + a1R
abeced + a0e
aebeced
]
= −κ
∫
M
√
|g| [a2 (RαβγδRαβγδ − 4RαβRαβ +R2)+ 2a1R+ 24a0] d4x
= −κa2 · χ4 − 2a1
∫
M
√
|g|Rd4x− 24κa0 · V4. (53)
For all dimensions, the lagrangian is a polynomial of degree d ≤ D/2 in
the curvature 2-form. In general, each term L(D, p) in the lagrangian (50) is the
continuation toD dimensions of the Euler density from dimension p ≤ D [32]. In
particular, for even D the highest power in the curvature is the Euler character
χD. In four dimensions, the term L
(4, 2) in (53) can be identified as the Gauss-
Bonnet density, whose integral over a closed compact four dimensional manifold
M4 equals the Euler characteristic χ(M4). This term also provides the first
nontrivial generalization of Einstein gravity occurring in five dimensions, where
the quadratic term that can be added to the lagrangian is the Gauss-Bonnet
5-form,
ǫabcdeR
abRcdee=
√
|g| [RαβγδRαβγδ − 4RαβRαβ +R2] d5x. (54)
The fact that Gauss-Bonnet term could be added to the Einstein-Hilbert
action in five dimensions seems to have been known for many years. This is
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commonly attributed to Lanczos [36], but the original source is unclear. The
generalization to arbitrary D in the form (50) was obtained more than 30 years
ago in [34] and is known as the Lovelock lagrangian. This lagrangian was also
identified as describing the only ghost-free9 effective theory for a spin two field,
generated from string theory at low energy [37, 32]. From our perspective, the
absence of ghosts is only a reflection of the fact that the Lovelock action yields
at most second order field equations for the metric, so that the propagators
behave as αk−2, and not as αk−2 + βk−4, as would be the case in a general
higher derivative theory.
4.1.1 Dynamical Content
Extremizing the action (50) with respect to ea and ωab, yields
δID =
∫
[δeaEa + δωabEab] = 0, (55)
modulo surface terms. The condition for ID to have an extreme under arbitrary
first order variations is that Ea and Eab vanish. This implies that the geometry
satisfies
Ea =
[D−12 ]∑
p=0
ap(D − 2p)E(p)a = 0, (56)
and
Eab =
[D−12 ]∑
p=1
app(D − 2p)E(p)ab = 0, (57)
where we have defined
E(p)a := ǫab2···bDRb2b3 · · ·Rb2pb2p+1eb2p+2 · · · ebD , (58)
E(p)ab := ǫaba3···aDRa3a4 · · ·Ra2p−1a2pT a2p+1ea2p+2 · · · eaD . (59)
These equations involve only first derivatives of ea and ωab, simply because
d2 = 0. If one furthermore assumes –as is usually done– that the torsion vanishes
identically,
T a = dea + ωabe
b = 0, (60)
then Eq. (57) is automatically satisfied and the torsion-free condition (60) can
be solved for ω as a function of the inverse vielbein (eµa) and its derivative as
ωabµ = −eνb (∂µeaν − Γλµνea)λ), (61)
9Physical states in quantum field theory have positive probability, which means that they
are described by positive norm vectors in a Hilbert space. Ghosts instead, are unphysical states
of negative norm. A lagrangian containing arbitrarily high derivatives of fields generally leads
to ghosts. The fact that a gravitational action such as (50) leads to a ghost-free theory was
unexpected and is highly nontrivial.
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where Γλµν is symmetric in µν and can be identified as the Christoffel symbol
(torsion-free affine connection). Substituting this expression for the spin con-
nection back into (58) yields second order field equations for the metric. These
equations are identical to the ones obtained from varying the Lovelock action
written in terms of the Riemann tensor and the metric,
ID[g] =
∫
M
dDx
√
g
[
a′0 + a
′
1R+ a
′
2(R
αβγδRαβγδ − 4RαβRαβ +R2) + · · ·
]
.
(62)
This purely metric form of the action is also called second order formalism,
because it contains up to second derivatives of the metric. The fact that the
lagrangian contains second derivatives of gµν has induced some authors to re-
fer to these actions as higher derivative theories of gravity. This, however, is
incorrect. The Einstein-Hilbert action, as well as its Lovelock generalization,
both yield second order field equations and for the same reason: the second
derivatives of the metric enter through a total derivative in the lagrangian and
therefore the field equations remain second order. Lagrangians that do give rise
to higher order field equations for the metric are those that contain arbitrary
powers of the curvature tensor and their contractions, like Rs, with s 6= 1, or(
aRaβγδRαβγδ + bR
αβRαβ + cR
2
)
, with a : b : c 6= 1 : −4 : 1, etc.
Higher derivatives equations for the metric would mean that the initial condi-
tions required to uniquely determine the time evolution are not those of General
Relativity and hence the theory would have different degrees of freedom from
standard gravity. It would also make the propagators in the quantum theory to
develop poles at imaginary energies: ghosts. Ghost states spoil the unitarity of
the theory, making it hard to make sense of it and to interpret its predictions.
One important feature of the Lovelock theories, that makes their behavior
very different for D ≤ 4 and for D > 4 is that in the former case the field
equations (56, 57) are linear in Rab, while in the latter case the equations are
nonlinear in the curvature tensor. In particular, while for D ≤ 4 the equations
(59) imply the vanishing of torsion, this is no longer true for D > 4. In fact, the
field equations evaluated in some configurations may leave some components
of the curvature and torsion tensors completely undetermined. For example,
Eq.(57) has the form of a polynomial in Rab times T a, and it is possible that the
polynomial vanishes identically, imposing no conditions on the torsion tensor.
However, the configurations for which the equations do not determine Rab and
T a form sets of measure zero in the space of geometries. In a generic case,
outside of these degenerate configurations, the Lovelock theory has the same
D(D − 3)/2 degrees of freedom as in ordinary gravity [38].
4.2 Torsional series
Lovelock’s theorem assumes torsion to be identically zero. If equation (60) is
assumed as an identity, it means that ea and ωab are not independent fields,
contradicting the assumption that these fields correspond to two independent
features of the geometry on equal footing. Moreover, for D ≤ 4, equation
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(60) coincides with (59), so that imposing the torsion-free constraint is at best
unnecessary.
In general, if the field equation for some field φ can be solved algebraically
as φ = f(ψ) in terms of the remaining fields, then by the implicit function
theorem, the original action principle I[φ, ψ] is identical to the reduced one
obtained by substituting f(ψ) in the action, I[f(ψ), ψ]. This occurs in 3 and
4 dimensions, where the spin connection can be algebraically obtained from its
own field equation and I[ω, e] = I[ω(e, ∂e), e] . In higher dimensions, however,
the torsion-free condition is not necessarily a consequence of the field equations
and although (59) is algebraic in ω, it is practically impossible to solve for ω as
a function of e. Therefore, it is not clear in general whether the action I[ω, e] is
equivalent to the second order form of the action, I[ω(e, ∂e), e].
As can be seen from (57), the torsion-free condition does not automatically
follow from the field equations. It could be that the curvature is such that the
torsion is completely indeterminate, as it happens for instance if the geometry
has constant curvature for the choice of ap’s to be discussed below. Therefore,
it seems natural to consider the generalization of the Lovelock action in which
torsion is not assumed to vanish identically. This generalization consists of
adding of all possible Lorentz invariants involving T a explicitly. This includes
combinations like Rabeb, which do not involve torsion explicitly but which van-
ish for T = 0 (DT a = Rabeb). The general construction was worked out in
[41]. The main difference with the torsion-free case is that now, apart from the
dimensional continuation of the Euler densities, one encounters the Pontryagin
(or Chern) classes as well.
For D = 3, the only new torsion term not included in the Lovelock family is
eaTa, (63)
while for D = 4, there are three terms not included in the Lovelock series,
eaebRab, T
aTa, R
abRab. (64)
The last term in (64) is the Pontryagin density, whose integral also yields a topo-
logical invariant. A linear combination of the other two terms is a topological
invariant known as the Nieh-Yan density, given by [39]
N4 = T
aTa − eaebRab. (65)
The properly normalized integral of (65) over a 4-manifold is an integer related
to the SO(5) and SO(4) Pontryagin classes [40].
In general, the terms related to torsion that can be added to the action are
combinations of the form
A2n = ea1R
a1
a2R
a2
a3 · · ·Ran−1an ean , even n ≥ 2, (66)
B2n+1 = Ta1R
a1
a2R
a2
a3 · · ·Ran−1an ean , any n ≥ 1, (67)
C2n+2 = Ta1R
a1
a2R
a2
a3 · · ·Ran−1an T an , odd n ≥ 1, (68)
26
which are 2n, 2n+ 1 and 2n+ 2 forms, respectively. These Lorentz invariants
belong to the same family with the Pontryagin densities or Chern classes,
P2n = R
a1
a2R
a2
a3 · · ·Rana1 , even n. (69)
The lagrangians that can be constructed now are much more varied and there
is no uniform expression that can be provided for all dimensions. For example,
in 8 dimensions, in addition to the Lovelock terms, one has all possible 8-forms
made by taking products among the elements of the set {A4, A8, B3, B5, B7,
C4, C8, P4, P8}. They are
(A4)
2, A8, (B3B5), (A4C4), (C4)
2, C8, (A4P4), (C4P4), (P4)
2, P8. (70)
To make life even harder, there are some linear combinations of these prod-
ucts which are topological densities, as in (64). In 8 dimensions there are two
Pontryagin forms
P8 = R
a1
a2R
a2
a3 · · ·Ra4a1 ,
(P4)
2 = (RabR
b
a)
2,
which also occur in the absence of torsion, and there are two generalizations of
the Nieh-Yan form,
(N4)
2 = (T aTa − eaebRab)2,
N4P4 = (T
aTa − eaebRab)(RcdRdc),
etc. (for details and extensive discussions, see Ref.[41]).
4.3 Lorentz and torsional Chern-Simons series
The Pontryagin classes P2n defined in (69), as well as those that involve torsion,
such as the Nieh-Yan invariant (65) and its generalizations, are all closed forms.
Therfore, one can look for a locally defined CS form whose exterior derivative
yields the corresponding closed form. These CS forms can also be included as
lagrangian densities in the appropriate dimension.
The idea is best illustrated with examples. Consider the Pontryagin and the
Nieh-Yan forms in four dimensions, P4 and N4, respectively. The corresponding
CS three-forms are
CLor3 = ω
a
bdω
b
a +
2
3
ωabω
b
cω
c
a (71)
CTor3 = e
aTa (72)
Both these terms are invariant under SO(2, 1) (Lorentz invariant in three di-
mensions), and are related to the four-dimensional Pontryagin and Nieh-Yan
forms,
dCLor3 = R
abRab, (73)
dCTor3 = T
aTa − eaebRab. (74)
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4.4 Overview
Looking at these expressions one can easily feel depressed. The lagrangians look
awkward and the number of terms in them grows wildly with the dimension10.
This problem is not purely aesthetic. The coefficients in front of each term in
the lagrangian are arbitrary and dimensionful. This problem already occurs
in 4 dimensions, where Newton’s constant and the cosmological constant have
dimensions of [length]2 and [length]−4 respectively. Moreover, as evidenced by
the outstanding cosmological constant problem, there is no theoretical argument
to predict their values by natural arguments in a way that can be compared with
observations.
10As it is shown in [41], the number of torsion-dependent terms grows as the partitions of
D/4, which is given by the Hardy-Ramanujan formula, p(D/4) ∼ 1√
3D
exp[pi
√
D/6].
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5 Selecting Sensible Theories
The presence of dimensionful parameters leaves little room for optimism in a
quantum version of the theory. Dimensionful parameters in the action are po-
tentially dangerous because they are likely to acquire uncontrolled quantum
corrections. This is what makes ordinary gravity nonrenormalizable in pertur-
bation theory: In 4 dimensions, Newton’s constant has dimensions of [mass]−2
in natural units. This means that as the order in perturbation series increases,
more powers of momentum will occur in the Feynman graphs, making the ultra-
violet divergences increasingly worse. Concurrently, the radiative corrections to
these bare parameters require the introduction of infinitely many counterterms
into the action to render them finite[9]. But an illness that requires infinite
amount of medication is synonym of incurable.
———————————
The only safeguard against the threat of uncontrolled divergences in quantum
theory is to have some symmetry principle that fixes the values of the parame-
ters in the action, limiting the number of possible counterterms that could be
added to the lagrangian. Obviously, a symmetry endowed with such a high
responsibility should be a bona fide quantum symmetry, and not just an ap-
proximate feature of its effective classical descendent. A symmetry that is only
present in the classical theory but is not a feature of the quantum theory is said
to be anomalous. This means that if one conceives the quantum theory as the
result of successuve quantum corrections to the classical theory, these correc-
tions “break” the symmetry. Of course, we know that the classical theory is a
limit of the quantum world, some sort of shadow of an underlying reality that
is blurred in the limit. An anomalous symmetry is an artifact of the classical
limit, that does not correspond to a true symmetry of the microscopic world.
Thus, if a “non anomalous” symmetry fixes the values of the parameters in
the action, this symmetry will protect those values under renormalization. A
good indication that this might happen would be if all the coupling constants
are dimensionless and could be absorbed in the fields, as in Yang-Mills theory.
As shown below, in odd dimensions there is a unique combination of terms in
the action that can give the theory an enlarged gauge symmetry. The resulting
action can be seen to depend on a unique multiplicative coefficient (κ), analogous
to Newton’s constant. Moreover, this coefficient can be shown to be quantized
by an argument similar to the one that yields Dirac’s quantization of the product
of magnetic and electric charge [42].
5.1 Extending the Lorentz Group
The coefficients αp in the Lovelock action (50) have dimensions l
D−2p. This is
because the canonical dimension of the vielbein is [ea] = l, while the Lorentz
connection has dimensions that correspond to a true gauge field, [ωab] = l0. This
reflects the fact that gravity is naturally only a gauge theory for the Lorentz
group, where ea plays the role of a matter field, while the vielbein is not a
connection field but transforms as a vector under Lorentz rotations.
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5.1.1 Poincare´ Group
Three-dimensional gravity, where ea does play the role of a connection, is an
important exception to this statement. This is in part thanks to the coincidence
in three dimensions that allows to regard a vector as a connection for the Lorentz
group,
ωˆa =
1
2
ǫabcωbc. (75)
Consider the Einstein-Hilber lagrangian in three dimensions
L3 = ǫabcR
abec. (76)
Under an infinitesimal Lorentz transformation with parameter λab, the Lorentz
connection transforms as
δωab = Dλ
a
b (77)
= dλab + ω
a
cλ
c
b − ωcbλac,
while ec, Rab and ǫabc transform as tensors,
δea = −λacec
δRab = −(λacRcb + λbcRac),
δǫabc = −(λdaǫdbc + λdbǫadc + λdcǫabd) ≡ 0.
Combining these relations, the Lorentz invariance of L3 can be directly checked.
What is unexpected is that the action defined by (76) is also invariant under the
group of local translations in three dimensions. For this additional symmetry
ea transforms as a gauge connection for the translation group. In fact, if the
vielbein transforms under “local translations” in tangent space, parametrized
by λa as
δea = Dλa
= dλa + ωabλ
b, (78)
while the spin connection remains unchanged,
δωab = 0, (79)
then, the lagrangian L3 changes by a total derivative,
δL3 = d[ǫabcR
abλc], (80)
which can be dropped from the action, under the assumpton of standard bound-
ary conditions. This means that in three dimensions ordinary gravity is gauge
invariant under the whole Poincare´ group. We leave it as an exercise to the
reader to prove this11
11Hint: use the infinitesimal transformations δe and δω to compute the commutators of the
second variations to obtain the Lie algebra of the Poincare´ group.
30
5.1.2 (Anti-)de Sitter Group
In the presence of a cosmological constant Λ = ∓ 16l2 it is also possible to ex-
tend the local Lorentz symmetry. In this case, however, the invariance of the
appropriate tangent space is not the local Poincare´ symmetry, but the local
(anti)-de Sitter group. The point is that different spaces T ∗M can be chosen as
tangents to a given manifold M , provided they are diffeomorphic to the open
neighborhoods of M . However, a useful choice of tangent space corresponds
to the covering space of a vacuum solution of the Einstein equations. In the
previous case, flat space was singled out because it is the maximally symmet-
ric solution of the Einstein equations. If Λ 6= 0, flat spacetime is no longer a
solution of the Einstein equations, but the de Sitter or anti-de Sitter space, for
Λ > 0 or Λ < 0, respectively.
The three-dimensional lagrangian in (50) reads
LAdS3 = ǫabc(R
abec ± 1
3l2
eaebec), (81)
and the action is invariant –modulo surface terms– under the infinitesimal trans-
formations,
δωab = dλab + ωacλ
cb + ωbcλ
ac ± [eaλb − λaeb]l−2 (82)
δea = dλa + ωabλ
b − λabeb. (83)
These transformations can be cast in a more suggestive way as
δ
[
ωab eal−l
−ebl−l 0
]
= d
[
λab λal−l
−λbl−l 0
]
+
[
ωac e
al−l
−ecl−l 0
] [
λcb λcl−1
±λbl−1 0
]
−
[
λac λal−1
−λcl−1 0
] [
ω bc ecl
−1
±ebl−1 0
]
.
This can also be written as
δWAB = dΛAB +WACΛ
CB − ΛACW BC ,
where the 1-form WAB and the 0-form ΛAB stand for the combinations
WAB =
[
ωab eal−1
−ebl−1 0
]
(84)
ΛAB =
[
λab λal−1
−λbl−1 0
]
, (85)
(here a, b, .. = 1, 2, ..D, while A,B, ... = 1, 2, .., D+1). Clearly,WAB transforms
as a connection and ΛAB can be identified as the infinitesimal transformation
parameters, but for which group? Since ΛAB = −ΛBA, this indicates that the
group is one that leaves invariant a symmetric, real bilinear form, so it must be
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a group in the SO(r, s) family. The signs (±) in the transformation above can
be traced back to the sign of the cosmological constant. It is easy to check that
this structure fits well if indices are raised and lowered with the metric
ΠAB =
[
ηab 0
0 ∓1
]
, (86)
so that, for example, WAB = ΠBCWAC . Then, the covariant derivative in the
connection W of this metric vanishes identically,
DWΠ
AB = dΠAB +WACΠ
CB +WBCΠ
AC = 0. (87)
Since ΠAB is constant, this last expression implies WAB +WBA = 0, in exact
analogy with what happens with the Lorentz connection, ωab + ωba = 0, where
ωab ≡ ηbcωac. Indeed, this is a very awkward way to discover that the 1-form
WAB is actually a connection for the group which leaves invariant the metric
ΠAB. Here the two signs in ΠAB correspond to the de Sitter (+) and anti-de
Sitter (−) groups, respectively.
What we have found here is an explicit way to immerse the three-dimensional
Lorentz group into a larger symmetry group, in which oth, the vielbein and the
Lorentz connection have been incorporated on equal footing as components of a
larger (A)dS connection. The Poincare´ symmetry is obtained in the limit l →∞
(λ→ 0). In that case, instead of (82, 83) one has
δωab = dλab + ωacλ
cb + ωbcλ
ac (88)
δea = dλa + ωabλ
b − λabeb. (89)
The vanishing cosmological constant limit is actually a deformation of the (A)dS
algebra analogous to the deformation that yields the Galileo group from the
Poincare´ symmetry in the limit of infinite speed of light (c→∞). These defor-
mations are examples of what is known as a Ino¨nu¨-Wigner contraction [43, 44]
(see also Sect. 8.2). The procedure starts from a semisimple Lie algebra and
some generators are rescaled by a parameter (l or λ in the above example).
Then, in the limit where the parameter is taken to zero (or infinity), a new
nonsemisimple algebra is obtained. For the Poincare´ group which is the famil-
iar symmetry of Minkowski space, the representation in terms of W becomes
inadequate because the metric ΠAB should be replaced by the degenerate (non-
invertible) metric of the Poincare´ group,
ΠAB0 =
[
ηab 0
0 0
]
, (90)
and is no longer clear how to raise and lower indices. Nevertheless, the la-
grangian (81) in the limit l → ∞ takes the usual Einstein Hilbert form with
vanishing cosmological constant,
LEH3 = ǫabcR
abec, (91)
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which can be directly checked to be invariant under (89). We leave this as an
exercise for the reader.
As Witten showed, General Relativity in three spacetime dimensions is a
renormalizable quantum system [7]. It is strongly suggestive that precisely in
2+1 dimensions GR is also a gauge theory on a fiber bundle. It could be thought
that the exact solvability miracle is due to the absence of propagating degrees of
freedom in three-dimensional gravity, but the final power-counting argument of
renormalizability rests on the fiber bundle structure of the Chern-Simons system
and doesn’t seem to depend on the absence of propagating degrees of freedom.
In what follows we will generalize the gauge invariance of three-dimensional
gravity to higher dimensions.
5.2 More Dimensions
Everything that has been said about embedding the Lorentz group into the
(A)dS group for D = 3, starting at equation (82), can be generalized for any
D. In fact, it is always possible to embed the D-dimensional Lorentz group into
the de-Sitter, or anti-de Sitter groups,
SO(D − 1, 1) →֒
{
SO(D, 1), ΠAB = diag(ηab,+1)
SO(D − 1, 2), ΠAB = diag(ηab,−1) . (92)
as well as into their Poincare´ limit,
SO(D − 1, 1) →֒ ISO(D − 1, 1). (93)
The question naturally arises, are there gravity actions in dimensions ≥ 3
which are also invariant, not just under the Lorentz group, but under some of
its extensions, SO(D, 1), SO(D− 1, 2), ISO(D− 1, 1)? As we will see now, the
answer to this question is affirmative in odd dimensions: There exist gravity
actions for every D = 2n− 1, invariant under local SO(2n− 2, 2), SO(2n− 1, 1)
or ISO(2n− 2, 1) transformations, where the vielbein and the spin connection
combine to form the connection of the larger group. In even dimensions, in
contrast, this cannot be done.
Why is it possible in three dimensions to enlarge the symmetry from local
SO(2, 1) to local SO(3, 1), SO(2, 2) and ISO(2, 1)? What happens if one tries
to do this in four or more dimensions? Let us start with the Poincare´ group
and the Hilbert action for D = 4,
L4 = ǫabcdR
abeced. (94)
Why is this not invariant under local translations δea = dλa +ωabλ
b? A simple
calculation yields
δL4 = 2ǫabcdR
abecδed
= d(2ǫabcdR
abecλd)− 2ǫabcdRabT cλd. (95)
The first term in the r.h.s. of (95) is a total derivative and therefore gives a
surface contribution to the action. The last term, however, need not vanish,
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unless one imposes the field equation T a = 0. But this means that the invari-
ance of the action only occurs “on shell”. Now, “on shell symmetries” are not
real symmetries and they probably don’t survive quantization because quantum
mechanics doesn’t respect equations of motion.
On the other hand, the miracle in 3 dimensions occurred because the la-
grangian (91) is linear in e. In fact, lagrangians of the form
L2n+1 = ǫa1···a2n+1R
a1a2 · · ·Ra2n−1a2nea2n+1, (96)
–which are only defined in odd dimensions–, are also invariant under local
Poincare´ transformations (88, 89), as can be easily checked. Since the Poincare´
group is a limit of (A)dS, it seems likely that there should exist a lagrangian in
odd dimensions, invariant under local (A)dS transformations, whose limit for
vanishing cosmological constant (l →∞) is (96). One way to find out what that
lagrangian might be, one could take the most general Lovelock lagrangian and
select the coefficients by requiring invariance under (82, 83). This is a long and
tedious but sure route. An alternative approach is to try to understand why
it is that in three dimensions the gravitational lagrangian with cosmological
constant (81) is invariant under the (A)dS group.
Let us consider the three-dimensional case first. If we take seriously the
notion that WAB is a connection, then the associated curvature is
FAB = dWAB +WACW
CB,
where WAB is defined in (84). Then, it is easy to prove that
FAB =
[
Rab ± l−2eaeb l−1T a
−l−1T b 0
]
. (97)
where a, b run from 1 to 3 and A,B from 1 to 4. Since the (A)dS group has an
invariant tensor ǫABCD, one can construct the 4-form invariant
E4 = ǫABCDF
ABFCD. (98)
This is invariant under the (A)dS group and is readily recognized as the Euler
density for a four-dimensional manifold12 whose tangent space is not Minkowski,
but has the metric ΠAB =diag (ηab,∓1). The Euler density E4 can also be
written explicitly in terms of Rab, T a, and ea,
E4 = 4ǫabc(R
ab ± l−2eaeb)l−1T a (99)
=
4
l
d
[
ǫabc
(
Rab ± 1
3l2
eaeb
)
ec
]
,
12This identification is formal, since the differential forms that appear here are defined in
three dimensions, but they can be naturally extended to four dimensional forms by simply
extending the range of coordinate indices. This implies that one is considering the three-
dimensional manifold as embedded in –or, better, as the boundary of– a four dimensional
manifold.
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which is, up to constant factors, the exterior derivative of the three-dimensional
lagrangian (81),
E4 = #dL
AdS
3 . (100)
This is the key point: the l.h.s. of (100) is invariant under local (A)dS3 by
construction. Therefore, the same must be true of the r.h.s.,
δ
(
dLAdS3
)
= 0.
Since the variation (δ) is a linear operation, this can also be written as
d
(
δLAdS3
)
= 0,
which in turn means, by Poincare´’s Lemma [45] that, locally, δLAdS3 = d(something).
This explains why the action is (A)dS invariant up to surface terms, which is
exactly what we found for the variation, [see, (80)]. The fact that three dimen-
sional gravity can be written in this way was observed many years ago in Refs.
[46, 7].
The key to generalize the (A)dS lagrangian from 3 to 2n− 1 dimensions is
now clear13:
• First, generalize the Euler density (98) to a 2n-form,
E2n = ǫA1···A2nF
A1A2 · · · FA2n−1A2n . (101)
• Second, express E2n explicitly in terms of Rab, T a and ea using (97).
• Write this as the exterior derivative of a (2n− 1)-form L2n−1.
• L2n−1 can be used as a lagrangian in (2n − 1) dimensions and is (A)dS
invariant by construction.
Proceeding in this way, directly yields the (2n − 1)-dimensional (A)dS in-
variant lagrangian as
L
(A)dS
2n−1 =
n−1∑
p=0
α¯pL
(2n−1,p), (102)
where L(D,p) is given by (51). This is a particular case of a Lovelock lagrangian
in which all the coefficients α¯p have been fixed to take the values
α¯p = κ · (±1)
p+1l2p−D
(D − 2p)
(
n− 1
p
)
, p = 1, 2, ..., n− 1 = D − 1
2
, (103)
where 1 ≤ p ≤ n− 1 = (D− 1)/2, and κ is an arbitrary dimensionless constant.
It is left as an exercise to the reader to check that dL
(A)dS
2n−1 = E2n and to show
the invariance of L
(A)dS
2n−1 under the (A)dS group.
Another interesting exercise is to show that, for AdS, the action (102) can
also be written as [47]
I2n−1 =
κ
l
∫
M
1∫
0
dt ǫa1···a2n−1R
a1a2
t · · ·Ra2n−3a2n−2t ea2n−1 , (104)
13The construction we outline here was discussed by Chamseddine [48], Mu¨ller-Hoissen [49],
and by Ban˜ados, Teitelboim and this author in [50, 51].
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where we have defined Rabt := R
ab + (t2/l2)eaeb.
Example: In five dimensions, the (A)dS lagrangian reads
L
(A)dS
5 =
κ
l
ǫabcde
[
eaRbcRde ± 2
3l2
eaebecRde +
1
5l4
eaebecedee
]
. (105)
The parameter l is a length scale –the Planck length– and cannot be fixed
by theoretical considerations. Actually, l only appears in the combination
e˜a = l−1ea,
that could be considered as the “true” dynamical field, as is the natural thing
to do if one uses WAB instead of ωab and ea separately. In fact, the lagrangian
(102) can also be written in terms of WAB and its exterior derivative, as
L
(A)dS
2n−1 = κ·ǫA1···A2n
[
W (dW )n−1 + a3W
3(dW )n−2 + · · · a2n−1W 2n−1
]
, (106)
where all indices are contracted appropriately and all the coefficients a3, · · ·a2n−1,
are dimensionless rational numbers fixed by the condition dL
(A)dS
2n−1 = E2n.
5.3 Generic Chern-Simons forms
There is a more general way to look at these lagrangians in odd dimensions,
which also sheds some light on their remarkable enlarged symmetry. This is
summarized in the following
Lemma: Let P(F ) be an invariant 2n-form constructed with the field
strength F = dA + A2, where A is the connection for some gauge group G.
If there exists a 2n − 1 form, C, depending on A and dA, such that dC = P ,
then under a gauge transformation, C changes by a total derivative (exact form),
δC = d(something).
The (2n − 1)−form C is known as the Chern-Simons (CS) form, and as it
changes by an exact for), it can be used as a lagrangian for a gauge theory for
the connection A. It must be emphasized that C defines a nontrivial lagrangian
which is not invariant under gauge transformations, but that changes by a func-
tion that only depends on the fields at the boundary: it is quasi-invariant. This
is sufficient to define a physical lagrangian since the action principle considers
variations of the physical fields subject to some appropriate boundary condi-
tions. So, it is always possible to select the boundary condition on the fields in
such a way that δC = 0.
This construction is not restricted to the Euler invariant discussed above,
but applies to any invariant of similar nature, generally known as characteristic
classes. Other well known characteristic classes are the Pontryagin or Chern
classes and their corresponding CS forms were studied first in the context of
abelian and nonabelian gauge theories (see, e. g., [52, 5]).
The following table gives examples of CS forms which define lagrangians in
three dimensions, and their corresponding topological invariants,
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Table 1
D = 3 Chern-Simons Lagrangian Top. Invariant(P) Group
L
(A)dS
3 = ǫabc(R
ab ± eaeb3l2 )ec E4 = ǫabc(Rab ± e
aeb
l2 )T
c SO(4)†
LLorentz3 = ω
a
bdω
b
a +
2
3ω
a
bω
b
cω
c
a P
Lorentz
4 = R
a
bR
b
a SO(2, 1)
LTorsion3 = e
aTa N4 = T
aTa − eaebRab SO(2, 1)
L
U(1)
3 = AdA P
U(N)
4 = FF U(1)
L
SU(N)
3 = tr[AdA+
2
3AAA] P
SU(4)
4 = tr[FF] SU(N)
†Either this or any of its cousins, SO(3, 1), SO(2, 2).
Here R, F , and F are the curvatures of the Lorentz, the electromagnetic, and the
Yang-Mills (SU(N)) connections ωab, A and A, respectively; T is the torsion;
E4 and P4 are the Euler and the Pontryagin densities for the Lorentz group [6],
and N4 is the Nieh-Yan invariant [39]. The lagrangians are locally invariant (up
to total derivatives) under the corresponding gauge groups.
5.4 Torsional Chern-Simons forms
So far we have not included torsion in the CS lagrangians, but as we see in the
table above, it is also possible to construct CS forms that include torsion. All
the CS forms above are Lorentz invariant (up to an exact form), but there is a
linear combination of the second and third which is invariant under the (A)dS
group. This is the so-called exotic gravity [7],
LExotic3 = L
Lor
3 ±
2
l2
LTor3 . (107)
As can be shown directly by taking its exterior derivative, this is invariant under
(A)dS:
dLExotic3 = R
a
bR
b
a ±
2
l2
(
T aTa − eaebRab
)
= FABF
B
A.
This exotic lagrangian has the curious property of giving exactly the same field
equations as the standard dLAdS3 , but interchanged: varying with respect to e
a
one gives the equation for ωab of the other, and vice-versa.
In five dimensions, there are no Lorentz invariants that can be formed using
T a and hence no new torsional lagrangians. In seven dimensions there are three
torsional CS terms,
Table 2
D = 7 Torsional Chern-Simons Lagrangian P
LLorentz7 = ω(dω)
3 + · · ·+ 47ω7 RabRbcRcdRda
LA7 = (L
Lorentz
3 )R
a
bR
b
a =
(
ωabdω
b
a +
2
3ω
a
bω
b
cω
c
a
)
RabR
b
a
(
RabR
b
a
)2
LB7 = (L
Torsion
3 )R
a
bR
b
a = (e
aTa)(R
a
bR
b
a) (T
aTa − eaebRab)RdcRcd
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5.5 Characteristic Classes and Even D
The CS construction fails in 2n dimensions for the simple reason that there
are no topological invariants constructed with the ingredients we are using in
2n+ 1 dimensions. The topological invariants we have found so far, also called
characteristic classes, are the Euler and the Pontryagin or Chern-Weil classes.
The idea of characteristic class is one of the unifying concepts in mathematics
that connects algebraic topology, differential geometry and algebraic geometry.
The theory of characteristic classes explains mathematically why it is not always
possible to perform a gauge transformation that makes the connection vanish
everywhere even if it is locally pure gauge. The non vanishing value of a topolog-
ical invariant signals an obstruction to the existence of a gauge transformation
that trivializes the connection globally.
There are basically two types of invariants relevant for a Lorentz invariant
theory in an even-dimensional manifold
• The Euler class, associated with the O(D−n, n) groups. In two dimensions,
the Euler number is related to the genus (g) of the surface, χ = 2− 2g.
• The Pontryagin class, associated with any classical semisimple group G.
It counts the difference between self dual and anti-self dual gauge connections
that are admitted in a given manifold.
The Nieh-Yan invariants correspond to the difference between Pontriagin
classes for SO(D + 1) and SO(D) in D dimensions [40].
As there are no similar invariants in odd dimensions, there are no CS actions
for gravity for even D, invariant under the (anti-) de Sitter or Poincare´ groups.
In this light, it is fairly obvious that although ordinary Einstein-Hilbert gravity
can be given a fiber bundle structure for the Lorentz group, this structure cannot
be extended to include local translational invariance.
5.5.1 Quantization of the gravitation constant
The only free parameter in a Chern-Simons action is κ. Suppose a CS lagrangian
is used to describe a simply connected, compact 2n − 1 dimensional manifold
M , which is the boundary of a 2n-dimensional compact orientable manifold
Ω. Then the action for the geometry of M can be expressed as the integral of
the Euler density E2n over Ω, multiplied by κ. But since there can be many
different manifolds with the same boundary M , the integral over Ω should give
the same physical predictions as that over a different manifold, Ω′. In order for
this change to leave the path integral unchanged, a minimal requirement would
be
κ
[∫
Ω
E2n −
∫
Ω′
E2n
]
= 2nπh¯. (108)
The quantity in brackets –with the appropriate normalization– is the Euler
number of the manifold obtained by gluing Ω and Ω′ along M in the right way
to produce an orientable manifold, χ[Ω∪Ω′ ]˙. This integral can take an arbitrary
integer value and from this one concludes that κ must be quantized[42],
κ = nh, (109)
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where h is Planck’s constant.
5.5.2 Born-Infeld gravity
The closest one can get to a CS theory in even dimensions is with the so-called
Born-Infeld (BI) theories [50, 51, 53]. The BI lagrangian is obtained by a
particular choice of the αp’s in the Lovelock series, so that the lagrangian takes
the form
LBI2n = ǫa1···a2nR¯
a1a2 · · · R¯a2n−1a2n , (110)
where R¯ab stands for the combination
R¯ab = Rab ± 1
l2
eaeb. (111)
With this definition it is clear that the lagrangian (110) contains only one free
parameter, l, which, as explained above, can always be absorbed in a redefinition
of the vielbein. This lagrangian has a number of interesting classical features
like simple equations, black hole solutions, cosmological models, etc. [50, 51,
54]. The simplification comes about because the equations admit a unique
maximally symmetric configuration given by R¯ab = 0, in contrast with the
situation when all αp’s are arbitrary. As already mentioned, for arbitrary αp’s,
the field equations do not determine completely the components of Rab and
T a in general. This is because the high nonlinearity of the equations can give
rise to degeneracies. The BI choice is in this respect the best behaved since
the degeneracies are restricted to only one value of the radius of curvature
(Rab ± 1l2 eaeb = 0). At the same time, the BI action has the least number of
algebraic constrains required by consistency among the field equations, and it
is therefore the one with the simplest dynamical behavior[53].
5.6 Finite Action and the Beauty of Gauge Invariance
Classical invariances of the action are defined modulo surface terms because
they are usually assumed to vanish in the variations. This is true for boundary
conditions that keep the values of the fields fixed at the boundary: Dirichlet
conditions. In a gauge theory, however, it may be more relevant to fix gauge in-
variant properties at the boundary –like the curvature–, which are not precisely
Dirichlet boundary conditions, but rather conditions of the Neumann type.
On the other hand, it is also desirable to have an action which has a fi-
nite value, when evaluated on a physically observable configuration –e.g., on a
classical solution. This is not just for the sake of elegance, it is a necessity if
one needs to study the semiclassical thermodynamic properties of the theory.
This is particularly true for a theory possessing black holes with interesting
thermodynamic features. Moreover, quasi-gauge invariant actions defined on an
infinitely extended spacetime are potentially ill defined. This is because, under
gauge tranformations, the boundary terms that they pick could give infinite
contributions to the action integral. This would not only cast doubt on the
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meaning of the action itself, but it would violently contradict the wish to have
a gauge invariant action principle.
Changing the lagrangian by a boundary term may seem innocuous but it
is a delicate business. The empirical fact is that adding a total derivative to a
lagrangian in general changes the expression for the conserved Noether charges,
and again, possibly by an infinite amount. The conclusion from this discussion
is that some regularization principle must be in place in order that the action
be finite on physically interesting configurations, and that assures it remains
finite under gauge transformations, and yields well defined conserved charges.
In [47] it is shown that the action has an extremum when the field equations
hold, and is finite on classically interesting configuration if the AdS action (102)
is supplemented with a boundary term of the form
B2n = −κn
1∫
0
dt
t∫
0
ds ǫθe
(
R˜+ t2θ2 + s2e2
)n−1
, (112)
where R˜ and θ are the intrinsic and extrinsic curvatures of the boundary. The
resulting action attains an extremum for boundary conditions that fix the extrin-
sic curvature of the boundary. In that reference it is also shown that this action
principle yields finite charges (mass, angular momentum) without resorting to
ad-hoc regularizations or background subtractions. It can be asserted that in
this case –as in many others–, the demand of gauge invariance is sufficient to
cure other seemingly unrelated problems.
5.6.1 Transgressions
The boundary term (112) that that ensures convergence of the action and
charges turns out to have other remarkable properties. It makes the action
gauge invariant –and not just quasi-invariant– under gauge transformations that
keep the curvature constant (AdS geometry at the boundary), and the form of
the extrinsic curvature fixed at the boundary. The condition of having a fixed
AdS geometry asymptotic is natural for localized matter distributions such as
black holes. Fixing the extrinsic curvature, on the other hand, implies that
the connection aproaches a fixed reference connection at infinity in a prescribed
manner.
On closer examination, this boundary term can be seen to convert the action
into the integral of a transgression. A transgression form is a gauge invariant
object whose exterior derivative yields the difference of two Chern classes [5],
dT2n−1(A, A¯) = P2n(A)− P2n(A¯), (113)
where A and A¯ are two connections in the same Lie algebra. There is an explicit
expression for the transgression form in terms of the Chern-Simons forms for A
and A¯,
T2n+1(A, A¯) = C2n+1(A)− C2n+1(A¯) + dB2n(A, A¯). (114)
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The last term in the R.H.S. is uniquely determined by the condition that
the transgression form be invariant under simultaneous gauge transformations
of both connections throughout the entire manifold M
A→ A′ = Λ−1AΛ + Λ−1dΛ (115)
A¯→ A¯′ = Λ¯−1A¯Λ¯ + Λ¯−1dΛ¯ (116)
with the matching condition at the boundary,
Λ¯(x) − Λ(x) = 0, for x ∈ ∂M. (117)
It can be seen that the boundary term in (112) is precisely the boundary term
B2n in the transgression form. The interpretation now presents some subtleties.
Clearly one is not inclined to duplicate the fields by introducing a second dy-
namically independent set of fields (A¯), having exactly the same couplings, spin,
gauge symmetry and quantum numbers.
One possible interpretation is to view the second connection as a nondy-
namical reference field. This goes against the well established principle that
every quantity that occurs in the action that is not a coupling constant, mass
parameter, or numerical coefficient like the dimension or a combinatorial factor,
should correspond to a dynamical quantum variable [28]. Even if one accepts
the existence of this uninvited guest, an explanation would be needed to justify
its not being seen in nature.
5.6.2 Cobordism
An alternative interpretation could be to assume that the spacetime is dupli-
cated and we happen to live on one of the two parallel words where A is present,
while A¯ is in the other. These two worlds need to share the same boundary,
for it would be otherwise very hard to justify the condition (117). This picture
gains support from the fact that the two connections do not interact on M ,
but only at the boundary, through the boundary term B(A, A¯). An obvious
drawback of this interpretation is that the action for A¯ has the wrong sign, and
therefore woul lead to ghosts or rather unphysical negative energy states.
Although this sounds like poor science fiction, it suggests a more reasonable
option proposed in [55]: Since the two connections do not interact, they could
have support on two completely different but cobordant manifolds. Then, the
action really reads,
I[A, A¯] =
∫
M
C(A) +
∫
M¯
C(A¯) +
∫
∂M
B(A, A¯), (118)
where the orientations of M and M¯ are appropriately chosen so that they join
at their common boundary with ∂M = −∂M¯ .
The picture that emeges in this interpretation is one where we live in a region
of spacetime (M) characterized by the dynamical field A. At he boundary of our
region, ∂M , there exists another field with identical properties as A and match-
ing gauge symmetry. This second field A¯ extends on to a cobordant manifold
41
M , to which we have no direct access except through the interaction of A¯ with
our A. If the spacetime we live in is asymptotically AdS, this could be a rea-
sonable scenario since the boundary then is causally connected to the bulk and
can be easily viewed as the common boundary of two –or more– asymptotically
AdS spacetimes [56].
5.6.3 Alternative regularizations
The boundary term (112) explicitly depends on the extrinsic curvature, which
would be inadequate in a formulation that uses the intrinsic properties of the
geometry as boundary data. The Dirichlet problem, in which the boundary
metric is specified is an example of intrinsic framework. The standard regular-
ization procedure in the Dirichlet approach uses counterterms that are covari-
ant functions of the intrinsic boundary geometry. In [57], the transgression and
counterterms procedures have been explicitly compared in asymptotically AdS
spacetimes using an adapted coordinate frame, known as Feferman-Graham co-
ordinates [58]. Both regularization techniques are shown to be equivalent in that
frame, and they differ at most by a finite counterterm that does not change the
Weyl anomaly. The regularization techniques were also extended for nonvanish-
ing torsion, yielding a finite action principle and holographic anomalies in five
dimensions in [59].
5.7 Further Extensions
By embedding the Lorentz group into one of its parents, the de Sitter or anti-de
Sitter group, or its uncle, the Poincare´ group, one can generate gauge theories
for the spacetime geometry in any odd dimension. These theories are based
on the affine (ω) and metric (e) features of the spacetime manifold as the only
dynamical fields of the system. The theory has no dimensionful couplings and
is the natural continuation of gravity in 2+1 dimensions. From here one can go
on to study those theories, analyzing their classical solutions, their cosmologies
and black holes that live on them, etc. Although for the author of these notes,
black hole solutions in these and related theories have been a constant source
of surprises [51, 60, 54, 61], we will not take this path here since that would
sidetrack us into a completely different industry.
One possible extension would be to investigate embeddings in other, larger
groups. The results in this direction are rather disappointing. One could embed
the Lorentz group SO(D− 1, 1) in any SO(n,m), if n ≥ D− 1 and m ≥ 1, and
contractions of them analogous to the limit of vanishing cosmological constant
that yields the Poincare´ group. There are also some accidents like the (local)
identity between SO(3) and SU(2), which occur occasionally and which make
some people smile and others explode with hysterical joy, but that is rare.
The only other natural generalization of the Lorentz group into a larger
group, seems to be direct products with other groups. That yields theories
constructed as mere sums of Chern-Simons actions but not very interesting oth-
erwise. The reason for this boring scenario, as we shall see in the next chapters,
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is connected to the so-called No-Go Theorems [62]. Luckily, there is a very re-
markable (and at the time revolutionary) way out of this murky situation that
is provided by supersymmetry. In fact, despite all the propaganda and false
expectations that this unobserved symmetry has generated, this is its most re-
markable feature, and possibly its only lasting effect in our culture: it provides a
natural way to unify the symmetries of spacetime, with internal symmetries like
the gauge invariance of electrodynamics, the weak and the strong interactions.
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6 Chern-Simons Supergravity
We have dealt so far with the possible ways in which pure gravity can be ex-
tended by relaxing three standard assumptions of General Relativity:
i) Notion of parallelism derived from metricity,
ii) Four-dimensional spacetime, and
iii) Gravitational lagrangian given by the Einstein Hilbert term
√−gR only.
Instead, we demanded:
i’) Second order field equations for the metric components,
ii’) D-form lagrangian constructed out of the vielbein, ea, the spin connection,
ωab, and their exterior derivatives, and
iii’) Invariance of the action under local Lorentz rotations in the tangent space.
In this way, a family of lagrangians containing higher powers of the curvature
and torsion multiplied by arbitrary and dimensionful coefficients is obtained. In
odd dimensions, the embarrassing presence of these arbitrary constants was
cured by enlarging the symmetry group, thereby making the theory gauge in-
variant under the larger symmetry group and simultaneously fixing all param-
eters in the lagrangian. The cure works only in odd dimensions. The result is
a highly nonlinear Chern-Simons theory of gravity, invariant under local (A)dS
transformations in the tangent space. We now turn to the problem of enlarg-
ing the contents of the theory to allow for supersymmetry. This will have two
effects: it will incorporate fermions and fermionic generators into the picture,
and it will enlarge the symmetry by including additional bosonic generators.
These additional bosonic symmetries are required by consistency (the algebra
must close) and are the most important consequence of supersymmetry.
6.1 Supersymmetry
Supersymmetry (SUSY) is a curious symmetry: most theoreticians are willing
to accept it as a legitimate feature of nature, although it has never been exper-
imentally observed. The reason for its popularity rests on its uniqueness and
beauty that makes one feel it would be a pity if such an elegant feature were
not realized in nature somehow. This symmetry mixes bosons (integer spin
particles) and fermions (half integer spin particles). These two types of parti-
cles obey very different statistics and play very different roles in nature, so it is
somewhat surprising that there should exist a symmetry connecting them14.
The simplest supersymmetric theories combine bosons and fermions on equal
footing, rotating them into each other under SUSY transformations. This is
possibly the most intriguing –and uncomfortable– aspect of supersymmetry:
the blatant fact that bosons and fermions play such radically different roles in
14Bosons obey Bose-Einstein statistics and, like ordinary classical particles, there is no limit
to the number of them that can occupy the same state. Fermions, instead, cannot occupy the
same quantum state more than one at a time, something known as Fermi-Dirac statistics. All
elementary particles are either bosons or fermions and they play different roles: fermions like
electrons, protons, neutrons and quarks are the constituents of matter, while the four known
fundamental interactions of nature are described by gauge fields resulting from the exchange
of bosons like the photon, the gluon or the W± and Z0, or the graviton.
44
nature means that SUSY is not manifest around us, and therefore, it must be
strongly broken at the scale of our observations. Unbroken SUSY would predict
the existence of fermionic carriers of interactions and bosonic constituents of
matter as partners of the known particles. None of these two types of particles
have been observed. On the other hand, there is no clue at present as to how
to break supersymmetry.
In spite of its “lack of realism”, SUSY gained the attention of the high energy
community mainly because it offered the possibility of taming the ultraviolet
divergences of many field theories. It was observed early on that the UV diver-
gences of the bosons were often cancelled out by divergences coming from the
fermionic sector. This possibility seemed particularly attractive in the case of a
quantum theory of gravity, and in fact, it was shown that in a supersymmetric
extension of general relativity, dubbed supergravity (SUGRA) the ultravio-
let divergences at the one-loop level exactly cancelled (see [63] and references
therein). This is another remarkable feature of SUSY: local (gauge) SUSY is
not only compatible with gravity. In fact, by consistency, local SUSY requires
gravity.
A most interesting aspect of SUSY is its ability to combine bosonic spacetime
symmetries, like Poincare´ invariance, with other internal bosonic symmetries
like the SU(3) × SU(2)× U(1) invariance of the standard model. Thus SUSY
supports the hope that it could be possible to understand the logical connection
between spacetime and internal invariances. SUSY makes the idea that these
different bosonic symmetries might be related, and in some way necessitate each
other, more natural. In this way it might be possible to understand why it is that
some internal symmetries are observed and others are not. The most important
lesson from supersymmetry is not the unification of bosons and fermions, but
the extension of the bosonic symmetry.
From an algebraic point of view, SUSY is the simplest nontrivial way to
enlarge the Poincare´ group, unifying spacetime and internal symmetries, thus
circumventing an important obstruction found by S. Coleman and J. Mandula
[62]. The obstruction, also called no-go theorem, roughly states that if a physical
system has a symmetry described by a Lie group G, that contains the Poincare´
group and some other internal symmetry, then the corresponding Lie algebra
must be a direct sum of the form G = P⊕S, where P and S are the Poincare´
and the internal symmetry algebras, respectively [64, 65]. Supersymmetry is
nontrivial because the algebra is not a direct sum of the spacetime and internal
symmetries. The way the no-go theorem is circumvented is by having both
commutators (antisymmetric product, [·, ·]) and anticommutators (symmetric
product, {·, ·}), forming what is known as a graded Lie algebra, also called
super Lie algebra, or simply superalgebra. See, e. g., [66, 65].
6.2 Superalgebras
A superalgebra has two types of generators: bosonic, Bi, and fermionic, Φα.
They are closed under the (anti-)commutator operation, which follows the gen-
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eral pattern [
Bi,Bj
]
= CkijBk (119)
[Bi,Φα] = C
β
iαΦβ (120)
{Φα,Φβ} = CiαβBi (121)
The generators of the Poincare´ group are included in the bosonic sector, and
the Φα’s are the supersymmetry generators. This algebra, however, does not
close for an arbitrary bosonic group. Given a Lie group with a set of bosonic
generators, it is not always possible to find a set of fermionic generators to
enlarge the algebra into a closed superalgebra. The operators satisfying relations
of the form (119-121), are still required to satisfy a consistency condition, the
super-Jacobi identity, which is required by associativity,
[GI , [GJ ,GK ]±]±+(−)σ(JKI)[GJ , [GK ,GI ]±]±+(−)σ(KIJ)[GK , [GI ,GJ ]±]± = 0.
(122)
Here GI represents any generator in the algebra, [A,B]± = AB ±BA, where
the sign is chosen according the bosonic or fermionic nature of the operators in
the bracket, and σ(JKI) is the number of permutations of fermionic generators
necessary for (IJK)→ (JKI) .
It is often the case that apart from extra bosonic generators, a collection ofN
fermionic operators are needed to close the algebra. This usually works for some
values of N only, but in some cases there is simply no supersymmetric extension
at all [67]. This happens, for example, if one starts with the de Sitter group,
which has no supersymmetric extension in general [65]. For this reason, in what
follows we will restrict to AdS theories. The general problem of classifying all
possible superalgebras that extend the classical Lie algebras has been discussed
in [68].
6.3 Supergravity
The name supergravity (SUGRA) applies to any of a number of supersym-
metric theories that include gravity in their bosonic sectors15. The inven-
tion/discovery of supergravity in the mid 70’s came about with the spectacular
announcement that some ultraviolet divergent graphs in pure gravity were can-
celed by the inclusion of their supersymmetric counterparts. For some time it
was hoped that the supersymmetric extension of GR could be renormalizable.
However, it was eventually realized that SUGRAs too might turn out to be
nonrenormalizable [69].
Standard SUGRAs are not gauge theories for a group or a supergroup, and
the local (super-)symmetry algebra closes naturally on shell only. The algebra
15Some authors would reserve the word supergravity for supersymmetric theories whose
gravitational sector is the Einstein-Hilbert (EH) lagrangian. This narrow definition seems
untenable for dimensions D > 4 in view of the variety of possible gravity theories beyond
EH. Our point of view here is that there can be more than one system that can be called
supergravity, although its connection with the standard theory remains unsettled.
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could be made to close off shell by force, at the cost of introducing auxiliary fields
–which are not guaranteed to exist for all D and N [70]–, and still the theory
would not have a fiber bundle structure since the base manifold is identified
with part of the fiber. Whether it is the lack of fiber bundle structure the
ultimate reason for the nonrenormalizability of gravity remains to be proven. It
is certainly true, however, that if GR could be formulated as a gauge theory, the
chances for its renormalizability would clearly improve. At any rate, now most
high energy physicists view supergravity as an effective theory obtained from
string theory in some limit. In string theory, eleven dimensional supergravity is
seen as an effective theory obtained from ten dimensional string theory at strong
coupling [71]. In this sense supergravity would not be a fundamental theory and
therefore there is no reason to expect that it should be renormalizable.
6.4 From Rigid Supersymmetry to Supergravity
Rigid or global SUSY is a supersymmetry in which the group parameters are
constants throughout spacetime. In particle physics the spacetime is usually
assumed to have fixed Minkowski geometry. Then the relevant SUSY is the
supersymmetric extension of the Poincare´ algebra in which the supercharges
are “square roots” of the generators of spacetime translations, {Q¯,Q} ∼ Γ ·P.
The extension of this to a local symmetry can be done by substituting the
momentum Pµ = i∂µ by the generators of spacetime diffeomorphisms, Hµ, and
relating them to the supercharges by {Q¯,Q} ∼ Γ · H. The resulting theory has
a local supersymmetry algebra which only closes on-shell [63]. As we discussed
above, the problem with on-shell symmetries is that they are not likely to survive
quantization.
An alternative approach for constructing the SUSY extension of the AdS
symmetry is to work on the tangent space rather than on the spacetime manifold.
This point of view is natural if one recalls that spinors are defined relative to
a local frame on the tangent space and not as tensors on the coordinate basis.
In fact, spinors provide an irreducible representation for SO(N), but not for
GL(N), which describe infinitesimal general coordinate transformations. The
basic strategy is to reproduce the 2+1 “miracle” in higher dimensions. This
idea was applied in five dimensions [48], as well as in higher odd dimensions
[72, 73, 74].
6.5 Standard Supergravity
In its simplest version, supergravity was conceived inthe early 70s, as a quan-
tum field theory whose action included the Einstein-Hilbert term, representing a
massless spin-2 particle (graviton), plus a Rarita-Scwinger kinetic term describ-
ing a massless spin-3/2 particle (gravitino) [75]. These fields would transform
into each other under local supersymmetry. Later on, the model was refined to
include more “realistic” features, like matter couplings, enlarged symmetries,
higher dimensions with their corresponding reductions to 4D, cosmological con-
stant, etc., [63]. In spite of the number of variations on the theme, a few features
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remained as the hallmark of SUGRA, which were a reflection of this history. In
time, these properties have become a sort of identikit of SUGRA, although they
should not be taken as a set of necessary postulates. Among these, three that
will be relaxed in our construction:
(i) Gravity is described by the EH action (with/without cosmological constant),
(ii) The spin connection and the vielbein are related through the torsion equa-
tion, and,
(iii) The fermionic and bosonic fields in the lagrangian come in combinations
such that they have equal number of propagating degrees of freedom.
The last feature is inherited from rigid supersymmetry in Minkowski space,
where particles form vector representations of the Poincare´ group labelled by
their spin and mass, and the matter fields form vector representations of the
internal groups (multiplets). This is justified in a Minkowski background where
particle states are represented by in- and out- plane waves in a weakly interacting
theory. This argument, however, breaks down if the Poincare´ group is not a
spacetime symmetry, as it happens in asymptotically AdS spacetimes and in
other cases, such as 1+1 dimensions with broken translational invariance [76].
The argument for the matching between fermionic and bosonic degrees of
freedom goes as follows: The generator of translations in Minkowski space, Pµ =
(E,p), commutes with all symmetry generators, therefore an internal symmetry
should only mix particles of equal mass. Since supersymmetry changes the spin
by 1/2, a supersymmetric multiplet must contain, for each bosonic eigenstate
of the hamiltonian |E >B, a fermionic one with the same energy, |E >F= Q
|E >B, and vice versa. Thus, it seems natural that in supergravity this would
still be the case. In AdS space, however, the momentum operator is not an
abelian generator, but acts like the rest of Lorentz generators and therefore the
supersymmetry generator Q doesn’t commute with it. Another limitation of
this assumption is that it does not consider the possibility that the fields belong
to a different representation of the Poincare´ or AdS group, such as the adjoint
representation.
Also implicit in the argument for counting the degrees of freedom is the usual
assumption that the kinetic terms are those of a minimally coupled gauge the-
ory, a condition that is not met by any CS theory. Apart from the difference in
background, which requires a careful treatment of the unitary irreducible repre-
sentations of the asymptotic symmetries [77], the counting of degrees of freedom
in CS theories follows a completely different pattern [78] from the counting for
the same connection 1-forms in a YM theory [35].
The other two issues concern the purely gravitational sector and are dictated
by economy: after Lovelock’s theorem, there is no reason to adopt (i), and the
fact that the vielbein and the spin connection are dynamically independent fields
on equal footing makes assumption (ii) unnatural. Furthermore, the elimination
of the spin connection from the action introduces the inverse vielbein in the
action and thereby entangling the action of the spacial symmetries defined on
the tangent space. The fact that the supergravity generators do not form a
closed off-shell algebra may be traced back to these assumptions.
7 AdS Superalgebras
In order to construct a supergravity theory that contains gravity with cosmo-
logical constant, a mathematically oriented physicist would look for the smallest
superalgebra that contains the generators of the AdS algebra. This question was
asked –and answered– many years ago, at least for some dimensions D = 2, 3, 4
mod 8, in [67]. But this is not all, we would also like to have an action that
realizes the symmetry.
Several supergravities are known for all dimensions D ≤ 11 [79]. For D = 4,
a supergravity action that includes a cosmological constant was first discussed in
[80], however, finding a supergravity with cosmological constant in an arbitrary
dimension is a nontrivial task. For example, the standard supergravity in eleven
dimensions has been know for a long time [81], however, it has been shown that
it is impossible to accommodate a cosmological constant [82, 83]. Moreover,
although it was known to the authors of Ref.[81] that the supergroup containing
the eleven dimensional AdS group is SO(32|1), a gravity action which exhibits
this symmetry was found almost twenty years later [73].
In what follows, we present an explicit construction of the superalgebras
that contain AdS algebra, so(D − 1, 2), along the lines of [67], where we have
extended the method to apply it to the cases D = 5, 7 and 9 as well [73]. The
crucial observation is that the Dirac matrices provide a natural representation
of the AdS algebra in any dimension. Thus, the AdS connection W can be
written in this representation as W = eaJa +
1
2ω
abJab, where
Ja =
1
2
(Γa)
α
β , (123)
Jab =
1
2
(Γab)
α
β . (124)
Here Γa, a = 1, ..., D are m × m Dirac matrices, where m = 2[D/2] ([x] is
the integer part of x), and Γab =
1
2 [Γa,Γb]. These two classes of matrices
form a closed commutator subalgebra (the AdS algebra) of the Dirac algebra.
The Dirac algebra is obtained by taking all the antisymmetrized products of Γ
matrices
I,Γa,Γa1a2 , ...,Γa1a2···aD , (125)
where
Γa1a2···ak =
1
k!
(Γa1Γa2 · · ·Γak ± [permutations]).
For evenD, the matrices in the set (125) are all linearly independent, but for odd
D they are not, because Γ12···D = σI and therefore half of them are proportional
to the other half. Thus, the dimension of this algebra, that is, the number of
independent matrices of the form (125) is m2 = 22[D/2]. This representation
provides an elegant way to generate all m×m matrices (note that m = 2[D/2]
is not any number).
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7.1 The Fermionic Generators
The supersymmetric extension of a given Lie algebra is a mathematical problem
whose solution lies in the general classification of superalgebras [68]. Although
their representations were studied more than 20 years ago in [67], the applica-
tion to construct SUSY field theory actions has not been pursued much. Instead
of approaching this problem as a general question of classification of irreducible
representations, we will take a more practical course, by identifying the repre-
sentation we are interested in from the start. This representation is the one in
which the bosonic generators take the form (123), (124). The simplest extension
of the algebra generated by those matrices is obtained by the addition of one
row and one column, as
Ja =
[
1
2 (Γa)
α
β 0
0 0
]
, (126)
Jab =
[
1
2 (Γab)
α
β 0
0 0
]
. (127)
The generators associated to the new entries would have only one spinor index.
Let us call Qγ (γ = 1, ...,m) the generator that has only one nonvanishing entry
in the γ-th row of the last column,
Qγ =
[
0 δαγ
−Cγβ 0
]
α, β = 1, ...,m. (128)
Since this generator carries a spinorial index (γ), it is in a spin-1/2 representation
of the Lorentz group.
The entries of the bottom row (Cγβ) will be so chosen as to produce the
smallest supersymmetric extensions of AdS. There are essentially two ways re-
strict the dimension of the representation compatible with Lorentz invariance:
chirality and reality. In odd dimensions there is no chirality because the cor-
responding “γ5” is proportional to the identity matrix. Reality instead can be
defined in any dimension and refers to whether a spinor and its conjugate are
proportional up to a constant matrix, ψ¯ = Cψ, or more explicitly,
ψ¯α = Cαβψβ . (129)
A spinor that satisfies this condition is said to be Majorana, and C = (Cαβ) is
called the charge conjugation matrix. This matrix is assumed to be invertible,
CαβC
βγ = δγα, and plays the role of a metric in the space of Majorana spinors.
Using the form (128) for the supersymmetry generator, its Majorana conju-
gate Q¯ is found to be
Q¯γ = CαβQβ
=
[
0 Cαγ
−δγβ 0
]
. (130)
The matrix C can be viewed as performing a change of basis ψ → ψT = Cψ,
which is turn corresponds to the change Γ→ ΓT. Now, since the Clifford algebra
50
for the Dirac matrices,
{Γa,Γb} = 2ηab, (131)
is also obeyed by their transpose, (Γa)T, these two algebras must be related by
a change of basis, up to a sign,
(Γa)T = ηCΓaC−1 with η2 = 1. (132)
The basis of this Clifford algebra (131) for which an operator C satisfying (132)
exists, is called the Majorana representation. This last equation is the defining
relation for the charge conjugation matrix, and whenever it exists, it can be
chosen to have definite parity16,
CT = λC,withλ = ±1. (133)
7.2 Closing the Algebra
We already encountered the bosonic generators responsible for the AdS trans-
formations (123, 124), which have the general form required by (119). It is
straightforward to check that commutators of the form [J,Q] turn out to be
proportional to Q, in agreement with the general form (120). What is by no
means trivial is the closure of the anticommutator {Q,Q} as in (121). Direct
computation yields
{Qγ,Qλ}αβ =
[
0 δαγ
−Cγρ 0
] [
0 δρλ
−Cλβ 0
]
+ (γ ↔ λ)
= −
[
δαγCλβ + δ
α
λCγβ 0
0 Cγλ + Cλγ
]
. (134)
The form of the lower diagonal piece immediately tells us that unless Cγλ
is antisymmetric, the right hand side of (134) cannot be a linear combination
of Ja, Jab and Q. In that case, new bosonic generators with nonzero entries
in this diagonal block will be required to close the algebra (and possibly more
than one). This relation also shows that the upper diagonal block is a collection
of matrices Mγλ whose components take the form
(Mγλ)
α
β = −(δαγCλβ + δαλCγβ).
Multiplying both sides of this relation by C, one finds
(CMγλ)αβ = −(CαγCλβ + CαλCγβ), (135)
which is symmetric in (αβ). This means that the bosonic generators can only
include those matrices in the Dirac algebra such that, when multiplied by C
16The Majorana reality condition can be satisfied in any D provided the spacetime signature
is such that, if there are s spacelike and t timelike dimensions, then s− t = 0, 1, 2, 6, 7 mod 8
[66, 65]. Thus, for lorentzian signature, Majorana spinors can be defined unambiguously only
for D = 2, 3, 4, 8, 9, mod 8.
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on the left (CI, CΓa, CΓa1a2 , ..., CΓa1a2···aD ) turn out to be symmetric. The
other consequence of this is that, if one wants to have the AdS algebra as part
of the superalgebra, both CΓa and CΓab should be symmetric matrices. Now,
multiplying (132) by C from the right, we have
(CΓa)
T = ληCΓa, (136)
which means that we need
λη = 1. (137)
From (132) and (133), it can be seen that
(CΓab)
T = −λCΓab,
which in turn requires
λ = −1 = η.
This means that C is antisymmetric (λ = −1) and then the lower diagonal block
in (134) vanishes identically. However, the values of λ and η cannot be freely
chosen but are fixed by the spacetime dimension as is shown in the following
table,
Table 3
D λ η
3 −1 −1
5 −1 +1
7 +1 −1
9 +1 +1
11 −1 −1
and the pattern repeats mod 8 (see Ref.[74] for details). This table shows
that the simple cases occur for dimensions 3 mod 8, while for the remaining
cases life is a little harder. For D = 7 mod 8 the need to match the lower
diagonal block with some generators can be satisfied quite naturally by including
several spinors labelled with a new index, ψαi , i = 1, ...,N , and the generator
of supersymmetry should also carry the same index. This means that there are
actually N supercharges or, as it is usually said, the theory has an extended
supersymmetry (N ≥ 2). For D = 5 mod 4 instead, the superalgebra can be
made to close in spite of the fact that η = +1 if one allows complex spinor
representations, which is a particular form of extended supersymmetry since
now Qγ and Q¯
γ are independent.
So far we have only given some restrictions necessary to close the algebra
so that the AdS generators appear in the anticommutator of two supercharges.
As we have observed, in general, apart from Ja and Jab, other matrices will
occur in the r.h.s. of the anticommutator of Q and Q¯ which extends the AdS
algebra into a larger bosonic algebra. This happens even in the cases in which
the supersymmetry is not extended (N=1).
The bottom line of this construction is that the supersymmetric extension
of the AdS algebra for each odd dimension falls into one of these families:
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• D = 3 mod 8 (Majorana representation, N ≥1),
• D = 7 mod 8 (Majorana representation, even N ), and
• D = 5 mod 4 (complex representations, N ≥ 1 [or 2N real spinors]).
The corresponding superalgebras17were computed by van Holten and Van
Proeyen forD = 2, 3, 4 mod 8 in Ref. [67], and in the other cases, in Refs.[73, 74]:
Table 4
D S-Algebra Conjugation Matrix
3 mod 8 osp(m|N) CT = −C
7 mod 8 osp(N |m) CT = C
5 mod 4 usp(m|N) C† = C
17The algebra osp(p|q) (resp. usp(p|q)) is that which generates the orthosymplectic (resp.
unitary-symplectic) Lie group. This group is defined as the one that leaves invariant the
quadratic form GABz
AzB = gabx
axb + γαβθ
αθβ , where gab is a p-dimensional symmetric
(resp. hermitean) matrix and γαβ is a q-dimensional antisymmetric (resp. anti-hermitean)
matrix.
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8 CS Supergravity Actions
In the previous sections we saw how to construct CS actions for the AdS con-
nection ib D = 2n − 1 dimensions. Now, we will repeat this construction for
the connection of a larger superalgebra in which AdS is embedded. Consider
an arbitrary connection one-form A, with values in some Lie algebra G, whose
curvature is F = dA+A ∧A. Then, the 2n-form
P2n ≡< F ∧ · · · ∧ F >, (138)
is invariant under the Lie group whose algebra is G, provided the bracket< · · · >
is an invariant tensor of the group. Furthermore, P2n is closed: dP2n = 0, and
therefore can be locally written as an exact form,
P2n = dL2n−1.
The (2n− 1)-form L2n−1 is a CS lagrangian, and therefore the problem reduces
to finding the invariant bracket. The canonical –and in many cases unique–
choice of invariant tensor with the features required here is the supertrace,
〈F ∧ · · · ∧ F〉 =: STr [ΘF ∧ · · · ∧ F] , (139)
where Θ is an invariant matrix in the supergroup, and the supertrace is defined
as follows: if a matrix has the form
M =
[
Nab F
a
β
Hαb S
α
β
]
,
where a, b are (bosonic) tensor indices and α, β are (fermionic) spinor indices,
then STr[M] = Tr[N]− Tr[S] = Naa − Sαα .
If we call GM the generators of the Lie algebra, so that A = GMA
M ,
F = GMF
M , then
P2n = STr [ΘGM1 · · ·GMn ]FM1 · · ·FMn
= g
M1···Mn
FM1 · · ·FMn = dL2n−1, (140)
where g
M1···Mn
is an invariant tensor of rank n in the Lie algebra. Thus, the steps
to construct the CS lagrangian are straightforward: Take the supertrace of all
products of generators in the superalgebra and solve equation (140) for L2n−1.
Since the superalgebras are different in each dimension, the CS lagrangians
differ in field content and dynamical structure from one dimension to the next,
although the invariance properties are similar in all cases. The action
ICS2n−1[A] =
∫
L2n−1 (141)
is invariant, up to surface terms, under the local gauge transformation
δA = ∇Λ, (142)
54
where Λ is a zero-form with values in the Lie algebra g, and ∇ is the exterior
covariant derivative in the representation of A. In particular, under a super-
symmetry transformation, Λ = ǫ¯iQi − Q¯iǫi, and
δǫA =
[
ǫkψ¯k − ψk ǫ¯k Dǫj
−Dǫ¯i ǫ¯iψj − ψ¯iǫj
]
, (143)
where D is the covariant derivative on the bosonic connection,
Dǫj =
(
d+
1
2l
eaΓa +
1
4
ωabΓab +
1
2r!
b[r]Γ[r]
)
ǫj − aijǫi.
8.1 Examples of AdS-CS SUGRAs
Now we examine some simple examples of anti-de Sitter Chern-Simons super-
gravities. For more detailed discussions and other examples, see [53, 73, 74, 84].
A. D=3
The simplest locally supersymmetric extension of AdS occurs in three dimen-
sions for N=1. In this case, there exist Majorana spinors and the lagrangian is
[46]
L = ǫabc
[
Rabec
l
+
eaebec
3l3
]
− ψ¯∇ψ, (144)
where ∇ stands for the AdS covariant derivative ∇ = d + 12leaΓa + 14ωabΓab.
It is straightforward to show that this action is invariant –up to surface terms–
under supersymmetry,
δǫψ = ∇ǫ, δǫea = 1
2
ǫ¯Γaψ, δǫω
ab = −1
2
ǫ¯Γabψ.
The proof of invariance is direct and no field equations need to be invoked
(off-shell local SUSY). Action (144) can also be written as
L = 〈AdA+ 2
3
A3〉,
where A is the connection for the superalgebra osp(2|1),
A =
1
l
eaJa +
1
2
ωabJab + Q¯ψ, (145)
and 〈· · ·〉 stands for the supertrace of the matrix representation for Ja, Jab and
Q defined in (139) (with an appropriate Θ insertion). The only nonvanishing
brackets are:
〈JabJc〉 = 2〈JaJbJc〉 = ǫabc, (146)
〈Qα Qβ〉 = −Cαβ , (147)
〈Qα Qβ Ja〉 = 1
2
(CΓa)αβ , (148)
〈Qα Qβ Jab〉 = 1
2
(CΓab)αβ . (149)
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B. D=5
In this case the supergroup is SU(2, 2|N ). The associated connection can
be written as
A =
1
l
eaJa +
1
2
ωabJab +A
KTK + (ψ¯
rQr − Q¯rψr) + bZ, (150)
where the generators Ja, Jab, form an AdS algebra (so(4, 2)), TK (K = 1, · · · ,N 2−
1) are the generators of su(N ), Z generates a U(1) subgroup and the spinorial
supersymmetry generators Qr, Q¯
r are in a vector representation of SU(N ).
The Chern-Simons Lagrangian for this gauge algebra is defined by the relation
dL = iST r[F3], where F = dA +A2 is the (antihermitean) curvature. Using
this definition, one obtains the lagrangian originally discussed by Chamseddine
in [48],
L = LG(ω
ab, ea)+Lsu(N )(A
r
s)+Lu(1)(ω
ab, ea, b)+LF (ω
ab, ea, Ars, b, ψr), (151)
with
LG =
1
8 ǫabcde
[
RabRcdee/l+ 23R
abecedee/l3 + 15e
aebecedee/l5
]
Lsu(N ) = −Tr
[
A(dA)2 + 32A
3dA+ 35A
5
]
Lu(1) =
(
1
16 − 1N∈
)
b(db)2 + 34l2
[
T aTa −Rabeaeb − l2RabRab/2
]
b
+ 3NF rs F
s
r b
Lf =
3
2i
[
ψ¯rR∇ψr + ψ¯sFrs∇ψr
]
+ c.c.
,
(152)
where Ars ≡ AK(TK)rs is the su(N ) connection, F rs is its curvature, and the
bosonic blocks of the supercurvature: R = 12T aΓa+ 14 (Rab+ e
aeb
l2 )Γab+
i
4dbZ−
1
2ψsψ¯
s, Frs = F rs + iN dbδrs − 12 ψ¯rψs. The cosmological constant is −l−2, and the
SU(2, 2|N ) covariant derivative ∇ acting on ψr is
∇ψr = Dψr + 1
2l
eaΓaψr −Asrψs + i
(
1
4
− 1N
)
bψr. (153)
where D is the covariant derivative in the Lorentz connection.
The above relation implies that the fermions carry a u(1) “electric” charge
given by e =
(
1
4 − 1N
)
. The purely gravitational part, LG is equal to the stan-
dard Einstein-Hilbert action with cosmological constant, plus the dimensionally
continued Euler density18.
The action is by construction invariant –up to a surface term– under the
local (gauge generated) supersymmetry transformations δΛA = −(dΛ+ [A,Λ])
18The first term in LG is the dimensional continuation of the Euler (or Gauss-Bonnet)
density from two and four dimensions, exactly as the three-dimensional Einstein-Hilbert la-
grangian is the continuation of the the two dimensional Euler density. This is the leading
term in the limit of vanishing cosmological constant (l → ∞), whose local supersymmetric
extension yields a nontrivial extension of the Poincare´ group [72].
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with Λ = ǫ¯rQr − Q¯rǫr, or
δea = 12
(
ǫrΓaψr − ψ¯rΓaǫr
)
δωab = − 14
(
ǫ¯rΓabψr − ψ¯rΓabǫr
)
δArs = −i
(
ǫ¯rψs − ψ¯rǫs
)
δψr = −∇ǫr
δψ¯r = −∇ǫ¯r
δb = −i (ǫ¯rψr − ψ¯rǫr) .
As can be seen from (152) and (153), for N=4 the U(1) field b looses its kinetic
term and decouples from the fermions (the gravitino becomes uncharged with
respect to U(1)). The only remnant of the interaction with the field b is a
dilaton-like coupling with the Pontryagin four forms for the AdS and SU(N )
groups (in the bosonic sector). As it is shown in Ref.[84], the case N=4 is also
special at the level of the algebra, which becomes the superalgebra su(2, 2|4)
with a u(1) central extension.
In the bosonic sector, forN=4, the field equation obtained from the variation
with respect to b states that the Pontryagin four form of AdS and SU(N )
groups are proportional. Consequently, if the spatial section has no boundary,
the corresponding Chern numbers must be related. Since Π4(SU(4)) = 0, the
above implies that the Pontryagin plus the Nieh-Yan number must add up to
zero.
C. D=11
In this case, the smallest AdS superalgebra is osp(32|1) and the connection
is
A = eaJa +
1
2
ωabJab +
1
5!
babcdeJabcde + Q¯ψ, (154)
where babcde is a totally antisymmetric fifth-rank Lorentz tensor one-form. Now,
in terms of the elementary bosonic and fermionic fields, the CS form in L2n−1reads
L
osp(32|1)
11 (A) = L
sp(32)
11 (Ω) + Lf(Ω, ψ), (155)
where Ω ≡ 12 (eaΓa + 12ωabΓab + 15!babcdeΓabcde) is an sp(32) connection [73, 74,
85]. The bosonic part of (155) can be written as
L
sp(32)
11 (Ω) = 2
−6LAdSG 11(ω, e)−
1
2
LAdST 11(ω, e) + L
b
11(b, ω, e),
where LAdSG 11 is the CS form associated to the 12-dimensional Euler density,
and LAdST 11 is the CS form whose exterior derivative is the Pontryagin form for
SO(10, 2) in 12 dimensions. The fermionic lagrangian is
Lf = 6(ψ¯R4Dψ)− 3
[
(Dψ¯Dψ) + (ψ¯Rψ)] (ψ¯R2Dψ)
−3 [(ψ¯R3ψ) + (Dψ¯R2Dψ)] (ψ¯Dψ) +
2
[
(Dψ¯Dψ)2 + (ψ¯Rψ)2 + (ψ¯Rψ)(Dψ¯Dψ)] (ψ¯Dψ),
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where R = dΩ +Ω2 is the sp(32) curvature. The supersymmetry transforma-
tions (143) read
δea = 18 ǫ¯Γ
aψ δωab = − 18 ǫ¯Γabψ
δψ = Dǫ δbabcde = 18 ǫ¯Γ
abcdeψ.
Standard (CJS) eleven-dimensional supergravity [81] is an N=1 supersymmet-
ric extension of Einstein-Hilbert gravity that does not admit a cosmological
constant [82, 83]. An N > 1 extension of the CJS theory is not known. In our
case, the cosmological constant is necessarily nonzero by construction and the
extension simply requires including an internal so(N ) gauge field coupled to the
fermions. The resulting lagrangian is an osp(32|N ) CS form [85].
8.2 Ino¨nu¨-Wigner Contractions
The Poincare´ group is the symmetry of the spacetime that best approximates
the world around us at low energy, Minkowski space. The Poincare´ group can
be viewed as the limit of vanishing cosmological constant or infinite radius (Λ ∼
±l−2 → 0) of the de Sitter or anti-de Sitter groups. This deformation is called
a Ino¨nu¨-Wigner(IW) contraction of the group that can be implemented in the
algebra through a rescaling the generators: Ja → Pa = l−1Ja, Jab → Jab. Thus,
starting from the AdS symmetry in 3+1 dimensions (SO(3, 2)), the rescaled
algebra is
[Pa,Pb] = l
−2Jab (156)
[Jab,Pc] = Paηbc −Pbηac
[Jab,Jcd] ∼ Jadηbc − · · · ,
and therefore, in the limit l→∞, Pa becomes a generator of translations. The
resulting contraction is the Poincare´ group, SO(3, 2) → ISO(3, 1). A similar
contraction takes the de Sitter group into Poincare´, or in general, SO(p, q) →
ISO(p, q − 1).
In general, the IW contractions change the structure constants and the
Killing metric of the algebra without changing the number of generators, but
the resulting algebra is still a Lie algebra. Since some structure constants may
go to zero under the contraction, some generators become commuting and end
up forming an abelian subalgebra. So, the contraction of a semisimple algebra is
not necessarily semisimple, like in the above example. For a detailed discussion
of contractions, see, e.g., [43], and for a nice historical note see [44]. As could
be expected, the contraction of a group induces a contraction of representations
and therefore it is possible to obtain a lagrangian for the contracted group by
a corresponding limiting procedure. However, as it was immediately noticed by
its inventors, the IW contractions can give rise to unfaithful representations. In
other words, the limit representation may not be an irreducible faithful repre-
sentation of the contracted group. Therefore, the procedure to obtain an action
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for the contracted group is not the straightforward limit of the original action.
This is particularly difficult in the case of the supersymmetric actions. In fact,
the actions for the supersymmetric extensions of the Poincare´ group were ob-
tained in [72], and then the Chern-Simons actions for the SUSY extensions of
AdS were found in [73], and it might be puzzling that the naive limit of the
latter do not in general reproduce the former. However, this should not be
surprising in the light of the previous discussion.
8.3 Minimal Super-Poincare´ Theory
In [72], a general form of the CS lagrangian for the minimal SUSY extension of
the Poincare´ algebra was constructed. In 2 + 1 dimensions the local symmetry
group is super-Poincare´, whose algebra includes the Poincare´ generators and
one Majorana supercharge Q. For D = 5 the supercharge is complex (Dirac)
spinor and the algebra also acquires a central extension (one generator which
commutes with the rest of the algebra). In general, the algebra consists of the
Poincare´ generators, the supercharge Q (and its adjoint Q¯), and a fifth rank
antisymmetric Lorentz tensor Zabcdf . Clearly, for D = 3, 5 the general case
reduces to the cases mentioned above. The connection is
A = eaPa +
1
2
ωabJab +
1
5!
babcdeZabcde + Q¯ψ − ψ¯Q, (157)
where Pa and Jab are the generators of the Poincare´ group, Zabcdf is a fifth rank
Lorentz tensor which commutes with Pa and Q, and
{Qα, Q¯β} = −i(Γa)αβPa − i(Γabcde)αβZabcde (158)
In the dimensions in which there exists a Majorana representation, Q¯ = CQ,
the number of fermionic generators can be reduced in half.
The action has three terms,
I2n+1 = IG + Ib + Iψ . (159)
The first term describes locally Poincare´-invariant gravity,
IG[e, ω] =
∫
ǫa1···a2n+1R
a1a2 · · ·Ra2n−1a2nea2n+1 . (160)
The second represents the coupling between the fifth-rank Lorentz tensor 1-form
babcde and gravity,
Ib = −1
6
∫
RabcRdeb
abcde, (161)
and the third includes the fermionic 1-form (gravitino)
Iψ =
i
6
∫
Rabc[ψ¯Γ
abcDψ +Dψ¯Γabcψ]. (162)
Here we have defined the symbol Rabc as
Rabc := ǫabca1···aD−3R
a1a2 · · ·RaD−4aD−3 (163)
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This action is invariant under Lorentz rotations,
δωab = −Dλab, δea = λabeb, δψ =
1
4
λabΓabψ, (164)
δbabcde = λaa′b
a′bcde + λbb′b
ab′cde + ...+ λee′b
abcde′
Poincare´ translations,
δωab = 0, δea = −Dλa, δψ = 0, δbabcde = 0, (165)
and local SUSY transformations
δωab = 0, δea =
i
2
(ψ¯Γaǫ− ǫ¯Γaψ), δψ = Dǫ, δbabcde = i
2
(ψ¯Γabcdeǫ− ǫ¯Γabcdeψ).
(166)
The bracket 〈· · ·〉 that gives rise to the action (160-162) in the general form is
given by
〈Ja1a2 · · ·JaD−2aD−1PaD 〉 =
2n
n+ 1
ǫa1a2···aD (167)
〈Ja1a2 · · ·JaD−4aD−3JfgZabcde〉 = −ǫa1···aD−3abcηfdηge ± (permutations) (168)
〈QJa1a2 · · ·JaD−4aD−3Q¯〉 = 1inΓa1···aD−3 . (169)
In the eleven-dimensional case, one can envision this algebra as resulting from
an IW contraction of the osp(32|1) superalgebra with connection (154). In fact,
it seems natural to expect that in the limit l→∞, the generators Pa = l−1Ja,
Zabcde = l
−1Jabcde, Q
′ = l−1/2Q, satisfy the minimal Poincare´ algebra with
connection (157) (with Q¯ = CQ). However, is not straightforward how to
perform the limit in the lagrangian and some field redefinitions are needed in
order to make contact between the two theories.
8.4 M-Algebra Extension of the Poincare´ Group
The CS actions discussed previously have been constructed looking for the rep-
resentations that extend the bosonic fields ea and ωab completing the SUSY
multiplet. This is not as elegant as an algebraic construction from first prin-
ciples in which one only has the input of an abstract algebra, but it has the
advantage that the lagrangian is determined at once for the relevant fields. An
additional difficulty of a formal approach is that it requires knowing the invari-
ant tensors of the algebra which, in the explicit representation takes the form
of the (super)trace 〈· · ·〉.
In eleven dimensions there is, besides the Poincare´ SUGRA of the previous
section, a new extension that corresponds to a supersymmetry algebra with more
bosonic generators. The algebra includes, apart from the Poincare´ generators
Jab and Pa, a Majorana supercharge Qα and two bosonic generators that close
the supersymmetry algebra,
{Qα,Qβ} = (CΓa)αβ Pa + (CΓab)αβZab + (CΓabcde)αβZabcde , (170)
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where the charge conjugation matrix C is antisymmetric. The “central charges”
Zab and Zabcde are tensors under Lorentz rotations but are otherwise Abelian
generators. The algebra (170) is known as M-algebra because it is the expected
gauge invariance of M Theory [86].
The M-algebra has more generators than the minimal super Poincare´ algebra
of the previous section, because the new Zab has no match there. Thus, the M-
algebra has
(
11
2
)
= 55 more generators than both the minimal super Poincare´
and the osp(32|1) algebras. This means, in particular, that the M-algebra cannot
be found by a IW contraction from either one of these two algebras.
The action is a supersymmetric extension of the Poincare´ invariant gravita-
tional action (160) in eleven dimensions [87],
Iα = IG + Iψ − α
6
∫
M11
RabcRdeb
abcde +
8(1− α)
∫
M11
[R2Rab − 6(R3)ab]Rcd
(
ψ¯ΓabcdDψ − 12R[abbcd]
)
,(171)
where IG and Iψ are
IG[e, ω] =
∫
M11
ǫa1···a11R
a1a2 · · ·Ra9a10ea11 , (172)
Iψ = −1
3
∫
M11
Rabcψ¯Γ
abcDψ, (173)
and R2 := RabRba and (R
3)ab := RacRcdR
db. Here α is an arbitrary dimension-
less constant whose meaning will be discussed below. The action is invariant
under local supersymmetry transformations obtained from a gauge transforma-
tion of the M-connection (175) with parameter λ = ǫαQα,
δεe
a = ǫ¯Γaψ, δεψ = Dǫ, δεω
ab = 0,
δεb
ab = ǫ¯Γabψ, δεb
abcde = ǫ¯Γabcdeψ.
(174)
The field content is given by the components of the M-algebra connection,
A =
1
2
ωabJab + e
aPa + ψ
αQα + b
abZab + b
abcdeZabcde , (175)
and the action can be written in terms of the bracket 〈· · ·〉, whose only nonzero
entries are
〈Ja1a2 , · · · , Ja9a10 , Pa11〉 = 163 ǫa1···a11 ,〈Ja1a2 , · · · , Ja9a10 , Zabcde〉 = −α 49ǫa1···a8abcη[a9a10][de] ,〈
Ja1a2 , Ja3a4 , Ja5a6 , J
a7a8 , Ja9a10 , Zab
〉
= (1− α)163
[
δa7···a10aba1···a6 − δa9a10aba1···a4 δa7a8a5a6
]
〈Q, Ja1a2 , Ja3a4 , Ja5a6 , Ja7a8 , Q〉 = 3215
[
CΓ a3···a8a1a2 +
(1− α) (3δa3···a6a1a2abCΓa7a8ab + 2CΓa3···a6δa7a8a1a2 )] ,
where (anti-)symmetrization under permutations of each pair of generators is
understood when all the indices are lowered.
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It is natural to ask whether there is a link between this theory and the van-
ishing cosmological constant limit of the CS theory constructed for the osp(32|1)
algebra. As already mentioned, these theories cannot be related through a IW
contraction, because contractions do not increase the number of generators in
the algebra. In fact, the M-algebra can be obtained from the AdS algebra by a
more general singular transformation called a expansion [88]. These deforma-
tions are analytic mappings in the algebra with the only restriction that they
respect the Maurer-Cartan structure equations. They have been studied in Refs.
[89], and more recently in [90].
The fact that this theory contains the free parameter α means that there is
more than one way of deforming osp(32|1) which produces an action supersym-
metric under the transformations (174). For α = 1 (171) reduces to the minimal
Poincare´ action (160-162). This means that the combination Iα=0 − Iα=1 is su-
persymmetric by itself (although it does not describe a gravitational theory as
it does not involve the vielbein).
8.5 Field Equations
The existence of the bracket 〈· · ·〉 allows writing the field equations for an CS
theory in a manifestly covariant form as
〈FnGA〉 = 0, (176)
where GA are the gauge generators. In addition, if the (2n + 1)-dimensional
spacetime is conceived as the boundary of a (2n + 2)-dimensional manifold,
∂Ω2n+2 = M2n+1, the CS action can also be written as I =
∫
Ω2n+2
〈
Fn+1
〉
.
This now describes a topological theory in 2n + 2 dimensions. In spite of its
topological origin, the action does possess propagating degrees of freedom in the
(2n+ 1)-dimensional spacetime and hence it is not a topological field theory in
the lower dimension.
The field equations are nonlinear for D ≥ 5 and posses a rich dynamical
structure due to the possibility of having zeros of different orders in (176). The
perturbative field theories that can be constructed around each of these clas-
sical configurations have different particle content and correspond to different
disconnected phases of the theory [91]. In particular, these phases can be seen as
different vacua corresponding to different dimensional reductions of the starting
theory [87].
8.6 Overview
Let us recap what we have found so far. The supergravities presented here have
two distinctive features: The fundamental field is always the connection A and,
in their simplest form, they are pure CS systems (matter couplings are briefly
discussed below). As a result, these theories possess a larger gravitational sector,
including propagating spin connection. Contrary to what one could expect, the
geometrical interpretation is quite clear, the field structure is simple and, in
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contrast with the standard cases, the supersymmetry transformations close off
shell without auxiliary fields. The price to pay is to have a complex classical
dynamics and a richer perturbative spectrum that changes from one background
to another.
Field content and extensions with N > 1
The field contents of AdS-CS supergravities and the standard supergravities
in D = 5, 7, 11 are compared in the following table:
Table 5
D Standard supergravity CS supergravity Algebra
5 eaµ ψ
α
µ ψ¯αµ e
a
µ ω
ab
µ Aµ a
i
µj ψ
α
iµ ψ¯
i
αµ, i, j = 1, ...,N usp(2, 2|N )
7 eaµ A[3] a
i
µj λ
α φ ψαiµ e
a
µ ω
ab
µ a
i
µj ψ
αi
µ , i, j = 1, ...,N = 2n osp(N|8)
11 eaµ A[3] ψ
α
µ e
a
µ ω
ab
µ b
abcde
µ ψ
α
µ , i, j = 1, ...,N osp(32|N )
Standard supergravity in five dimensions is dramatically different from the
theory presented here: apart from the graviton (ea) and the complex gravitino
(ψµ), in the AdS theory there is a propagating spin connection and at least a
U(1) gauge field (Aµ), which have no match in standard D = 5 SUGRA.
The standard D = 7 supergravity is an N = 2 theory (its maximal extension
is N = 4), whose gravitational sector is given by E-H gravity with cosmolog-
ical constant and with a background invariant under OSp(2|8) [92, 93]. Stan-
dard eleven-dimensional supergravity is an N = 1 supersymmetric extension of
Einstein-Hilbert gravity with vanishing cosmological constant [81]. An N > 1
extension of this theory is not known.
In our construction, the extensions to larger N are straightforward in any di-
mension. In D = 7, the index i is allowed to run from 2 to 2s, and the lagrangian
is a CS form for osp(2s|8). In D = 11, one must include an internal so(N ) field
and the lagrangian is an osp(32|N ) CS form [73, 74]. The cosmological constant
is necessarily nonzero in all cases.
Gravity sector.
A most remarkable result from imposing the supersymmetric extension, is
the fact that if one sets all fields, except those that describe the geometry –ea
and ωab– to zero, the remaining action has no free parameters. This means
that the gravity sector is uniquely fixed, which is interesting because, as we
saw at least for D = 3 and D = 7, there are several CS actions that one
can construct for the AdS gauge group. The Euler-CS form, and the so-called
exotic ones that include torsion explicitly, can occur in the action with arbitrary
coefficients. These coefficients are fixed in the supersymmetric theory. So, even
for the purely gravitational action, the theory that does admit a supersymmetric
extension is more predictive than those which do not.
Relation with standard (super) gravity
In all these CS theories ωab is an independent dynamical field, something
that is conspicuously absent in standard SUGRA. The spin connection can
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be frozen out by imposing the torsion condition (the field equation obtained
varying the action with respect to ωab, which determines T a). In a generic
–and sufficiently simple background–, this is an algebraic equation for ωab. As
we mentioned in Section 5.2, substituting the solution ωab = ω¯ab(e, · · ·) gives a
classically equivalent action principle in the reduced phase space.
Standard SUGRAs have a gravity sector described by the Einstein-Hilbert
action. However, the simple limit l → ∞ does not turn the Lovelock action to
the EH action. On the contrary, this limit yields a lagrangian which has the
highest possible power of curvature ((D − 1)/2), analogous to (96). Perhaps
General Relativity could be recovered if one were to look at the action around
a special configuration where the fields behave in a way that resembles the
linearized excitations in EH gravity.
It is sometimes argued that in the limit when the curvature is not very large
(small radius of curvature), the terms in the lagrangian with the lowest powers
of the curvature should be more dominant. Then, pressumably, the action would
be approximated by the EH term and the dynamics would be approximately
described by standard GR. However this is only superficially true, because flat
space is not an approximate solution of a generic Lovelock action. In the case of
an AdS-CS theory for example, flat space is quite far from a classical solution,
so the claim that “around flat space” the theory is aproximately described by
GR is completely irrelevant.
Certainly, additional field identifications should be made, some of them quite
natural, like the identification of the totally antisymmetric part of ωabµ , kµνλ
(known as the contorsion tensor), with an abelian 3-form, A[3] in a certain
coordinate basis. (In 11 dimensions, one could also identify the totally antisym-
metrized part of Aabcdeµ with an abelian 6-form A[6], whose exterior derivative,
dA[6], is the dual of F[4] = dA[3]. Hence, in D = 11 the CS theory may contain
the standard supergravity as well as some kind of dual version of it.)
In trying to make contact with standard SUGRA, the gauge invariance of the
CS theory in its original form would be completely entangled by the elimination
of the spin connection. Moreover, the identification between the tangent space
and the base manifold prduced by the elimination of the vielbein in favor of
the metric tensor destroys any hope to interpret the resulting action as a gauge
theory with fiber bundle structure, but this is more or less the situation in
standard SUGRAs where a part of the gauge invariance is replaced by invariance
under diffeomorphisms.
Thus, the relation between the AdS-CS and standard SUGRAs is at best
indirect and possibly only in one sector of the theory. One may ask, therefore,
why is it necessary to show the existence of a connection between these two
theories? The reason is historical (standard SUGRAs where here first) and of
consistency (standard SUGRAs are known to be rather unique). So, even if it
is a difficult and possibly unnecessary exercise, it would be interesting to show
that the connection exists [88].
64
Classical solutions
The field equations for these theories, in terms of the Lorentz components
(ω, e, A, A, ψ), are the different tensor components of < FnGM >= 0. These
equations have a very complex space of solutions, with different sectors of radi-
cally different dynamical behaviors.
It can be easily verified that in all these theories, anti-de Sitter space with
ψ = b = A = 0, is a classical solution. This is the most symmetric vacuum:
all curvature components vanish and has the maximal set of Killing vectors;
moreover, since it is invariant under supersymmetry, it also has a maximal set
of Killing spinors. This BPS state cannot decay into anything and what is
most intriguing, it has no perturbations around it. In this sense, this does not
correspond to the quantum vacuum of a dynamical theory since it cannot be
populated with excitations like the vacuum in a quantum field theory. This
“extreme vacuum” is a single topological state and the action around it is effec-
tively a surface term, so it describes a field theory at the boundary: the action
in this sector describes a conformal field theory at the boundary with the same
gauge SUSY as the theory in the bulk.
There exist other less symmetric classical solutions which do allow pertur-
bations around them, and these are more interesting states to look at. For
instance, in the pure gravity (matter-free) sector, there exist spherically sym-
metric, asymptotically AdS standard black holes[50], as well as topological black
holes [94]. The extremal form of these black holes can be shown to be BPS states
[95].
Spectrum
It may be impossible to establish a complete classification of all classical
solutions of the CS equations. The quantization of these systems is also an
open problem at the moment, the main obstacle being the complex vacuum
structure and the lack of a perturbative expansion around many of them.
Some simple classical solutions are product spaces, where one of the factors
is a maximally symmetric or constant curvature space. A recurrent feature is
that when one of the factors has vanishing AdS curvature, the other factor has
indeterminate local geometry. This is because the field equations are typically
a product of curvature two-forms equal to zero; therefore, if one factor van-
ishes, the others are not determined by the field equations. The indeterminate
components correspond to the existence of gauge degrees of freedom, and it
can be seen that the theory has actually fewer propagating degrees of freedom
around these configurations. A dramatic example of this is found in the CS
supergravity for the M-Theory algebra, where a configuration was found in the
11-dimensional theory that corresponds to the spectrum of 4-dimensional de
Sitter space, plus matter couplings [87]; the geometric features that describe
the remaining 7 dimensional quotient being largely arbitrary.
The stability and positivity of the energy for the solutions of these theories
is another highly nontrivial problem. As shown in Ref. [78], the number of
degrees of freedom of bosonic CS systems for D ≥ 5 is not constant throughout
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phase space and different regions can have radically different dynamical content.
However, in a region where the rank of the symplectic form is maximal the theory
may behave as a normal gauge system, and this condition would be stable under
perturbations. As shown in [84] forD = 5, there exists a central extension of the
AdS superalgebra in anti-de Sitter space with a nontrivial U(1) connection, but
no other matter fields. In this background the symplectic form has maximal
rank and the gauge superalgebra is realized in the Dirac brackets. This fact
ensures a lower bound for the mass as a function of the other bosonic charges
[96]. Moreover, it was shown in [97] that if a nonabelian SU(5) flux is switched
on, this configuration can be a BPS state.
Representations
The mismatch between fermionic and bosonic states is most puzzling for
those accustomed to standard supersymmetry, where the Fermi-Bose matching
is such a central feature that has been used as synonym of SUSY. In fact, it is
common to read that the signal expected to emerge from accelerator experiments
at very high energy (above the supposed SUSY-breaking scale) is a pairing of
states with equal mass, electric charge, parity, lepton or baryon number, etc.,
but with different fermion number. In the theories described here, no such signal
should be expected, which may be a relief after so many years of fruitless search
in this direction.
Another technical aspect related to the representation used in CS SUGRAs,
is the avoidance of Fierz rearrangements (FR) which are a source of much
suffering in standard SUSY and SUGRA. The FR are needed to express bi-
linear products of spinors in terms of all possible products of Dirac matrices.
Since in CS theories one only deals with exterior (wedge) products, only anti-
symmetrized products of Dirac matrices appear in the algebra. Also, exterior
products of spinors always give irreducible representations, so it is not necessary
to decompose these products in smaller irreps, as it happens in standard SUSY.
Couplings to matter sources
It is possible to introduce minimal couplings to matter of the form A · Jext.
For instance, the CS supergravity theory in five dimensions, (151), can couple to
an electrically charged 0–brane (U(1) point charge) through the standard term
jµAµ; or to SU(4)–colored 0–branes (quarks), through J
µ
rsA
rs
µ , as proposed in
[98, 99, 100].
On the other hand, CS theories themselves can be viewed as a form of
coupling a brane to a connection. For instance, the electromagnetic coupling
between a point charge (0-brane) and the U(1) connection is an integral over a 1-
dimensional manifold of the CS 1-form A, that is a CSaction in 0+1 dmensions.
Similarly, the coupling between an electrically charged 2-brane and a 2+1 CS
form is just the corresponding 2+1 CS action [101]. Thus, in general, a 2n+ 1
CS theory can also be seen as the coupling between a connection and a 2n-
brane. This idea is going to be presented elsewhere [102, 103]. In all these
cases, the gauge symmetry may be reduced to that of the subalgebra whose
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invariant tensor defines the CS form in the 2n+ 1-worldvolume of the brane.
An alternative form of coupling for a CS theory is afforded by the so-called
topologically massive gauge theories, where the CS action is complemented by
a standard Yang-Mills type action [104]. These theories acquire massive exci-
tations because the coupling involves necessarily a dimensionful constant. In
spite of that, the gauge invariance of the theory is not destroyed, as would be
the case if a standard mass term m2|A|2 had been included. This idea has been
also extended to supergravity in [105].
The lesson one can draw from these experiments is that the possibility of
including massive sources in CS theories does not require very exotic struc-
tures. These form of coupling respect gauge invariance (under a reduced group
perhaps).
Dynamical Content
The physical meaning of a theory is defined by the dynamics it displays
both at the classical and quantum levels. In order to understand the dynam-
ical contents of the classical theory, the physical degrees of freedom and their
evolution equations must be identified. In particular, it should be possible –at
least in principle– to separate the propagating modes from the gauge degrees
of freedom, and from those which do not evolve independently at all (second
class constraints). The standard way to do this is Dirac’s constrained Hamil-
tonian analysis and has been applied to CS systems in [78]. In the Appendix,
that analysis is summarized. It is however, fair to say that a number of open
problems remain and it is an area of research which is at a very different stage
of development compared with the previous discussion.
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9 Final Comments
1. Everything we know about the gravitational interaction at the classical level
is described by Einstein’s theory in four dimensions, which in turn is supported
by a handful of experimental observations. There are many indications, how-
ever, that make it plausible to accept that our spacetime has more dimensions
than those that meet the eye. In a spacetime of more than four dimensions,
it is not logically necessary to consider the Einstein-Hilbert action as the best
description for gravity. In fact, string theory suggests a Lovelock type action as
more natural option [37]. The large number of free parameters in the Lovelock
action, however, cannot be fixed by arguments from string theory. As we have
shown, only in odd dimensions there is a simple symmetry principle to fix these
coefficients is, and that leads to the Chern-Simons theories.
2. The CS theories have profound geometrical roots connecting them to
topological invariants –the Euler and the Chern or Pontryagin classes. In the
context of gravity, they appear naturally in a framework where the affine and
metric structures of the geometry are taken to be independent dynamical ob-
jects. If one demands furthermore the theory to admit supersymmetry, there
is, in each dimensions essentially a unique extension which completely fixes the
gravitational sector, including the precise role of torsion in the action.
3. The CS theories of gravity discussed in the first part of these notes pos-
sess nontrivial black hole solutions [51] which asymptotically approach space-
times of constant negative curvature (AdS spacetimes). These solutions have
a thermodynamical behavior which is unique among all possible black holes
in competing Lovelock theories with the same asymptotics [54]. The specific
heat of these black holes is positive and therefore they can always reach ther-
mal equilibrium with their surroundings and hence, are stable against thermal
fluctuations. These theories also admit solutions which represent black objects
of other topologies, whose singularity is shrouded by horizons of non spherical
topology [61]. Furthermore, these solutions seem to have well defined, quantum
mechanically stable, BPS ground states [95].
4. The higher-dimensional Chern-Simons systems remain somewhat myste-
rious, especially in view of the difficulties to treat them as quantum theories.
However, they have many ingredients that make them likely quantum systems:
They have no dimensionful couplings, the only free parameter in the classical
action turns out to be quantized. Efforts to quantize CS systems seem promis-
ing at least in the cases in which the space admits a complex structure so that
the symplectic form is a Ka¨hler form [106].
5. It may be too soon to tell whether string theory is the correct description
of all interactions and constituents of nature. If it is so, and gravity is just a low
energy effective theory, there would be a compelling reason to study gravity in
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higher dimensions, not just as an academic exercise, but as a tool to study big
bang cosmology or black hole physics. The truth is that a field theory can tell
us a lot a bout the low energy phenomenology, in the same way that ordinary
quantum mechanics tells us a lot about atomic physics even if we know that is
all somehow contained in QED.
6. If the string scenario fails to deliver its promise, more work will be needed
to understand the field theories it is supposed to represent, in order to decipher
their deeper interrelations. In any case, geometry is likely to be an important
clue, very much in the same way that it is an essential element in Yang Mills
and Einstein’s theory. One can see the construction discussed in these lectures
as a walking tour in this direction.
7. We can summarize the general features of CS theories in the following
(incomplete) list:
• Truly gauge invariant theories. Their dynamical fields are connection 1-
forms, their symmetry algebra closes off-shell, they have no dimensionful cou-
pling constants.
• Gravity is naturally included . They are fully covariant under general coor-
dinate transformations. The vielbein and the spin connection can be combined
into a connection for the (A)dS group or the Poincare´ group.
• No derivatives beyond second order. As the formulation is in terms of ex-
terior forms (without the Hodge *-dual) the lagrangian has at most first deriva-
tives of the fields, and the field equations are also first order. If the torsion
condition is used to eliminate the spin connection, the field equations become
at most second order for the metric.
• No spins higher than 2. All component fields in the connection carry only
one spacetime index (they are 1-forms), and they are antisymmetric tensors
of arbitrary rank under the Lorentz group (∼ bab···µ ). Thus, they belong to
representations of the rotation group whose Young tableaux are of the form:
·
·
·
Thus, at most one second rank symmetric tensor (spin 2) can be constructed
with these fields contracting the spacetime index with one of the Lorentz indices,
using the vielbein: eaµb
ab···
ν + eaνb
ab···
µ =: 2b
b···
µν . Therefore no fundamental fields
of spin higher than two can be represented in these theories.
• No matching between fermions and bosons. Since the connection is not in
the fundamental (vector) representation, but in the adjoint, and the spacetime
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transformations do not commute with the spinor generators, no matching should
be expected between fermionic and bosonic states. This shows that it is perfectly
possible to have supersymmetry and yet have no supersymmetric partners for
each known particle (sleptons, squarks, gluinos, etc.).
• Degenerate classical dynamics for D ≥ 5 and trivial dynamics for D ≤
3. In general for D = 2n + 1, CS theories have field equations which are
polynomials of degree n in curvatures. For D ≥ 5, this gives rise to degeneracies
in the symplectic structure with a corresponding breakdown in the dynamical
evolution of the initial data. This produces a splitting of the phase space into
several phases with different degrees of freedom within the same theory. For
D = 3, instead, the local dynamics is trivial in the sense that there are no
propagating degrees of freedom. (This doesn’t necessarily mean that the D = 3
is completely uninteresting.)
• Dimensional reduction singles out D = 4 uncompactified dimensions.
Starting in any dimension D ≤ 5, CS gravity has locally propagating per-
turbations (gravitons) in a product spacetime in which one of the factors is
four-dimensional D = 4. This may have something to do with the observation
that we live in a three-dimensional space.
——————————
Although many open questions remain to be addressed before CS theories can
pretend to describe the microscopic world, hopefully the reader has been con-
vinced that these are beautiful mathematical structures describing rich physical
systems, and as such, worthy of further study. It would be really a shame if God
didn’t take advantage of so many interesting features somewhere in its creation.
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A Appendix: General dynamics of CS theories
Chern-Simons theories are exceptions to almost any feature of a standard field
theory. This is because they are extremely singular dynamical systems:
• They are constrained systems like any gauge theory and therefore they
have a non invertible Legendre transform pi = pi(q, q˙). This reflects the usual
feature that some of the coordinates are non propagating gauge degrees of free-
dom and the corresponding constraints are the generators of gauge transforma-
tions.
• They have a degenerate symplectic matrix whose rank is not constant
throughout phase space. This means that the separation between coordinates
and momenta cannot be made uniformly throughout phase space, and there are
regions where the number of degrees of freedom of the theory changes abruptly:
degenerate surfaces.
• Their constraints are irregular in the sense that the number of functionally
independent constraints is not constant throughout phase space. This issue is
independent from degeneracy, although not totally independent from it. The
irregularity surfaces in phase space is the locus where the constraints fail to
be independent define systems with dynamically different behavior.
The standard counting of degrees of freedom for a general theory with first-
and second- class constraints is a well known problem. See, e.g., [35] and refer-
ences therein. For the reasons outlined above, this problem becomes consider-
ably harder for CS theories. In the remaining of this appendix, we examine the
Hamiltonian structure of CS systems in order to address this issue.
A.1 Hamiltonian Analysis
From a dynamical point of view, CS systems are described by lagrangians of
the form19
L2n+1 = l
i
a(A
b
j)A˙
a
i −Aa0Ka, (177)
where a dot ( ˙ ) represents a time derivative, and
Ka = − 1
2nn
γaa1....anǫ
i1...i2nF a1i1i2 · · ·F ani2n−1i2n .
Splitting spacetime into a 2n-dimensional space plus time, the field equations
read
Ωijab(A˙
b
j −DjAb0) = 0, (178)
Ka = 0, (179)
19 Note that in this section, for notational simplicity, we assume the spacetime to be (2n+1)-
dimensional.
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where
Ωijab =
δljb
δAai
− δl
i
a
δAbj
(180)
= − 1
2n−1
γaba2....anǫ
iji3...i2nF a2i3i4 · · ·F ani2n−1i2n
is the symplectic form. The passage to the Hamiltonian has the problem that
the velocities appear linearly in the lagrangian and therefore there are a number
of primary constraints
φia ≡ pia − lia ≈ 0. (181)
Besides, there are secondary constraints Ka ≈ 0, which can be combined with
the φs into the expressions
Ga ≡ −Ka +Diφia. (182)
The complete set of constraints forms a closed Poison bracket algebra,
{φia, φjb} = Ωijab
{φia, Gb} = f cabφic
{Ga, Gb} = f cabGc
,
where f cab are the structure constants of the gauge algebra of the theory. Clearly
the Gs form a first class algebra which reflects the gauge invariance of the theory,
while some of the φs are second class and some are first class, depending on the
rank of the symplectic form Ω.
A.2 Degeneracy
An intriguing aspect of Chern-Simons theories, not present in most classical sys-
tems is the fact that the symplectic form is not a constant matrix throughout
phase space, but a function of the fields. Consequently, the rank of the sym-
plectic form need not be constant either. In fact, it can be smaller in regions of
phase space where the determinant of the matrix Ωijab develops zeros of different
orders. These regions in phase space with different levels of degeneracy have
different degrees of freedom. If the system reaches a degenerate configuration,
some degrees of freedom become frozen in an irreversible process erasing the
information about the initial conditions of the degrees of freedom that are lost.
This can also be seen from the field equations, which for D = 2n + 1, are
polynomials of degree n. As mentioned aerlier, if some components of the cur-
vature vanish at some point, the remaining curvature factors can take arbitrary
values. This corresponds to having some degrees of freedom reduced to mere
gauge directions in phase space, and therefore these configurations possess fewer
dynamical degrees of freedom.
It can be shown in the context of some simplified mechanical models that
the degeneracy of a system generically occur on lower-dimensional submani-
folds of phase space. These regions define sets of unstable initial states or sets
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of stable end-points for the evolution [91]. As it was shown in this reference,
if the system evolves along an orbit that reaches a surface of degeneracy, Σ,
it becomes trapped by the surface and loses the degrees o freedom that corre-
spond to displacements away from Σ. This is an irreversible process which has
been observed in the dynamics of vortices described by Burgers’ equation. This
equation has a symplectic form which degenerates when two vortices coalesce,
an experimentally observed irreversible process.
Thus, the space of classical solutions has a rich structure, describing very
distinct dynamical systems in different regions of phase space, all governed by
the same action principle. As shown in [87], this phenomenon may be a way to
produce dynamical dimensional reduction.
A.3 Counting degrees of freedom
There is a second problem and that is how to separate the first and second class
constraints among the φs. In Ref.[78] the following results are shown:
• The maximal rank of Ωijab is 2n(N − 1) , where N is the number of gener-
ators in the gauge Lie algebra.
• There are 2n first class constraints among the φs which correspond to the
generators of spatial diffeomorphisms (Hi).
• The generator of timelike reparametrizations H⊥ is not an independent
first class constraint.
Putting all these facts together one concludes that, in a generic configuration
(non degenerate symplectic form), the number of degrees of freedom of the
theory is
∆CS = (number of coordinates)− (number of 1st class constraints)
−1
2
(number of 2nd class constraints)
= 2nN − (N + 2n)− 1
2
(2nN − 2n) (183)
= nN −N − n. (184)
This result is somewhat perplexing. A standard metric (Lovelock) theory of
gravity in D = 2n+ 1 dimensions, has
∆Lovelock = D(D − 3)/2
= (2n+ 1)(n− 1)
propagating degrees of freedom [38]. For D = 2n+ 1, a CS gravity system for
the AdS group has N = D(D + 1)/2 = (2n+ 1)(n+ 1), and therefore,
∆CS = 2n3 + n2 − 3n− 1. (185)
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In particular, for D = 5, ∆CS = 13, while ∆Lovelock = 5. The extra degrees
of freedom correspond to propagating modes in ωabµ , which in the CS theory are
independent from the metric ones, contained in eaµ.
In [78] it was also shown that an important simplification occurs when the
group has an invariant abelian factor. In that case, the symplectic matrix
Ωijab takes a partially block-diagonal form where the kernel has the maximal
size allowed by a generic configuration. It is a nice surprise in the cases of CS
supergravities discussed above that for certain unique choices of N , the algebras
develop an abelian subalgebra and make the separation of first and second class
constraints possible (e.g., N = △ for D = 5, and N = ∋∈ for d = 11). In some
cases the algebra is not a direct sum but an algebra with an abelian central
extension (D = 5). In other cases, the algebra is a direct sum, but the abelian
subgroup is not put in by hand but it is a subset of the generators that decouple
from the rest of the algebra (D = 11).
A.4 Irregularity
Applying the counting of [78] to five-dimensional CS supergravity gave the para-
doxical result that the linearized theory around a generic (nondegenerate) back-
ground seems to have more degrees of freedom than those in the fully nonlinear
regime [84]. This is due to the fact that the first class constraints fail to be func-
tionally independent on some regions of the configuration space. This second
type of degeneracy, that makes the linearized approximation inadequate is called
irregularity, and has been discussed in [107], where two types of irregularitiesit
are distinguished :
Type I, those occurring when a constraint is the product of two or more
regular, independent constraints (typically of the form Φ = ϕ1ϕ2 ≈ 0, with ϕ1,
ϕ1 regular constraints).
Type II, those in which the gradient of a constraint vanishes on the con-
straint surface (typically, Φ = ϕk ≈ 0, where ϕ is a regular constraint).
Type I are regularizable in the sense that they can be replaced by dynam-
ically equivalent regular systems on different patches of phase space. In these
systems the evolution is regular and smooth across boundaries from one patch
to the other. Irregularities of type II, instead, are simply ill-defined systems
which cannot be consistently regularized.
Chern-Simons systems are of type I. The paradox encountered in [84] origi-
nates in an unfortunate choice of background corresponding to a configuration
where two or more constraints overlap, destroying their independence. The lin-
earized analysis gives the wrong description because some constraints disappear
from the system, making the system look as if there were fewer constraints than
those actually present.
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